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BBenenne

B pamkax 3Toro Kypca Mbl H3yduM 0a30Bble MaTeMaTUIeCKUe TTOHATUSA, TaKue KaK
MHOKeCTBa, QYHKIMHU, rpadbl, OmHapHble oTHOMEHNs:. OHU BayKHBI U HYKHBI JIJIs
JnasibHeiinero n3ydenust Computer Science, HO TakKe ABJIAIOTCS 06a301 U JIJIg IUCTO
maremaTuku. C Jpyroit CTOPOHBI, JJIs IJI0J0TBOpHOTO pa3sutus B Computer Science
HY?KHO IIOHUMAaTh, YTO TaKOe JIOKa3aTe/IbCcTBO. /lokazarebcTBa KOPPEKTHOCTH MHOTUX
AJTOPUTMOB SABJISIOTCS IO CYTH J0Ka3aTeIbCTBAMHI TEOPEM, TTOITOMY B paMKaX 3TOTO
Kypca MbI OyJIeM yJIe/IATh JIOKa3aTe/IbCTBaM 0c000e BHUMAHUE.

Mpbr HaumHaeM u3ydeHne Kypca ¢ aareopbl jgoruku. C oJHO#M CTOPOHBI, 9Ta TeMa
cBsa3aHa ¢ yncTbiM Computer Science — jloruka B IPOrpaMMUPOBAHUN UCIIOJIB3YETCs
[IOCTOSIHHO, XOTs OBl JIJTsI 3a/[aHUsT YCJIOBUI BBIXO/IA U3 IIUKJIA U YCJIOBHBIX oreparopoB. C
JIPYTOIl CTOPOHBI, JJOTHYECKNE 3aKOHBI SABJIAIOTCI 3aKOHAMU JJIS JOKA3aTEIbCTB TEOPEM
U JIJ1s MATeMaTUIeCKUX PACCY2KJIeHUN B T1€I0M.



Jlekmuga 1

Anarebpa JJOTUKHI: BBeJ/IEHUE.

Ilnan:
1. BpIcKa3bIBaHUS U JIOTUYECKUE CBI3KU.

2. BysneBbl hyHKIINN U CIIOCOOBI UX 3a/IaHUsT: TAOIUIHI UCTUHHOCTH, BEKTOD 3HAYECHUIA,
dopMyIIbI.

3. 3aKOHBI KOMMYTATUBHOCTH, ACCOIUATUBHOCTU U JIUCTPUOYTUBHOCTHU, ITPUOPUTET
OLIEPAITUA.

4. 3aKOHBI IOTJIOIIEHMSI.

5. Pasencrio OyseBbix dyukIwmit (u OyseBbix hopmyi). CyrnecrBeHHbe U (DUKTHBHBIE
epeMeHHbIE.

KuroueBble cioBa: BbIcKasblBaHHe, Oy/ieBa (QYHKINsA, KOHBIOHKIIHA, U3 bIOHKIIS,
AMILTHKAIAS, oTpuIianue (HaBepcusi), sxpuBageaTaocts, XOR (nckmogaroree i),
KOMMYTaTHBHOCTb, ACCOLMUATHBHOCTD, JUCTPHOYTHBHOCTD, 3aKOHBI IIOIVIOICHHS, CYIIle-
CTBEeHHas IlepeMeHHas, (PUKTHBHAsI ITePEMEHHAST.

Jlureparypa: [1], [2]

Mpbr HaumHaeM HaIl KypC ¢ OCHOB JIOTMKH, TOCKOJIBKY JIOTHKA — 3TO IEMEHT JIJIs
IIOCTPOEHNS MATEMATUIECKUX YTBEPXKIECHUN U JI0KA3aTeJIbCTB. XOTSA Mbl 1 HAUNHAEM
haxTHIecKU ¢ U3yUeHUsI IPABUIT TIEPEITUCHIBAHNS JIOTHYIECKUX (POPMYJI, KOTOPBhIE MOXKHO
BBINIOJIHATD HE BJIaBasiCh B CyTh CaMHUX BBICKA3bIBAHU, JAJIbIINE 3TU IIPaBUIa OyIyT
UCIIOJIB30BATHCS JJIsl TIOCTPOEHMUST YTBEPKIEHNI U JIOKA3aTETbCTB.

O/1HOI M3 OCHOBHBIX IieJIell HAIllero Kypca sIBJISIeTCsl PUBUBaHNE MEPBOKYPCHU-
KaM MaTeMaTHIeCcKol KyJbTypbl. MaTemaTnvueckas KyabTypa HAYMHAETCS ¢ PADOTHI €
dopMaNBLHBIMU OIIPEJIEIEHUAME, U 3TO BJIeUeT TpyaHocTu. PopMasibHbIe ONpe/IeIeHIs
TPeOYIOT S3bIK TEOPUU MHOXKECTB U YACTO MPU MEPBOM M3yUeHUU (DOPMAIU3M MellaeT
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COJIEP2KATEILHOMY IOHUMAHUIO Betieil. Mbl perraem 3Ty mpodsieMy CJie Iy IoImM 00pa30M.
Jlo BBesieHUsT TeOpUM MHOXKECTB BCe OIpejieieHust OyayT HepOpMaIbHBIMI, & MOC/Ie eé
u3ydeHns Mbl (OpMaJIN3yeM y2Ke BBEJEHHBIE OIPE/ICICHUS Ha, A3bIKe TEOPUH MHOXKECTB.
OpHako rmocsie u3yvdeHusi TEOPUH MHOYKECTB MbI He OTKazKeMcs OT HedOPMaIbHBIX OIpe-
nesiernii nepeji hopmasbabivMu. Ompejiesiennii B Kypce J0CTaTOYHO MHOIO, TIO9TOMY
OHM YaCTO HE BBIJIC/ISIOTCS B OT/IEIbHBIE OJIOKH, & MPOCTO TI0 XOJIy TEKCTa BBIIC/IACTCS
onpedeasemoe nonsmue. MoxKHO ObLIO ObI HAYATH U3JIOKEHIE ¢ TEOPUU MHOXKECTB, &
He JIOTUKHU, HO TOr/Ia y Hac ObLIa ObI Apyras mpodJieMa — IIPUIILIOCH Obl BECTH U3/I0KEHHUE
6e3 00bsICHEHUsI, 9TO CIMTAETCS JJ0KAa3aTeIbeTBOM. Hajietoch, MbI BRIOpAIN MEHbBIIEE U3
30

Urak, nepeif/iéM K U3y9IeHun OCHOB JIOTUKHU. Ajirebpa JIOTHKE ONEPUPYET € BHICKA3bI-
BanusaAMu. Bouicka3dvieanue —3TO yTBEpPKJIEHIE, KOTOPOe JIN0O UCTUHO, JINOO JIOZKHO.
UNcrunnocts BhickasbiBanus A Oygem obozHadarh «1», a jiokHocTh — «0». B pon A
MOZKET BBICTYIIATh BBICKA3bIBAHUE «3a OKHOM UJIET JOXK/Ib» MM «IUCTO 7 JEJTUTCS Ha
6». 3aMeTbTe, UYTO YTBEPK/IEHUE «THUCI0 T JIeJTUTCA Ha 6> He SBJISIeTCsS BBICKA3BIBAHUEM,
B CJIydae ec/id 9ucjio & He 3aUKCHPOBAHO; TOTJA YTBEPXK/ICHIE 3aBUCUT OT ITapaMerpa
U B 3aBUCUMOCTU OT 3HAYEHUsI T MOXKET MEHATbCS UCTUHHOCTb 3TOTO YTBEPKICHIUS.
OroBopumMcsi, 9TO yTBEPXK/JICHUE, 3aBUCAIIEE OT apaMeTrpa, He CINTAETCS BHICKA3bIBac-
HUEM JlakKe B cJIydae, KOrJa OHO UCTUHHO IIPH JIIOOOM 3HAYEHWUN MapaMeTpa: HalpuMmep,
«Y9UCTIO T JIEJTUTCS Ha 1» — He BhICKA3bIBaHUE.

C OMOIIIBIO JIOTHIECKUX CBSI30K M3 BBICKA3BIBAHWIT MOXKHO MOJIyIaTh 00JIee CJIOKHBIC
BBICKa3bIBaHUA, Takue Kak «A u By, « A wim By, «He A». Bol 3HAaKOMBI ¢ STUMUI CBA3KAMUI
CO TIKOJILHON CKaMbHU U 3HAETE, ITO UX HA3BIBAIOT «KOHBIOHKIIUSY, «IU3bHIOHKIUIY 1
«OTpuriannes (<«MHBEPCHsi») U 0003HAUAIOT

ANB, AV B, -A nm A.

Yro ke Takoe JIorudecKkne CBA3Kn! ITo (PYHKIMH, KOTOPhIE 3aBUCAT OT HAOOpa mepe-
MEHHBIX, puHIMatomunx 3uadernst 0w 1 (or Habopa BbicKasbiBanmii). Takue mepemeH-
HbIE HA3bIBAIOT OHYAEBBIMU NEPEMEHHBIMU, & DYHKINE — OYAEBBIMU YHKUUAMU.
EcTb HecKOJIbKO cTaHIapTHBIX CIIOCOO0B 3ajanus OyseBoit byukruu. Mbl HauHEM C
TaOJIUIBI ICTUHHOCTH.
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Puc. 1.1. 3aganne JIornvIecKnX CBSI30K TAOJMIIAMUA UCTUHHOCTH.

Ecmm dyunknusa 3aBucut ot k 1mepeMeHHbIX, TO TepBbie k CTOJIOIOB COOTBETCTBYIOT
nepeMeHHbIM, a k + 1-blif cToJioer — 3nadeHnio (hyHKIIMKA Ha, COOTBETCBYIOIIEM HabOpe
SHAUEHNIT epeMeHHbIX (Bce HAGOPbI 3HAUEHUIT IePeYnCIsIoTCs B CTpoKax Tabmipl). B
Tabsmie Ha puc. 1.1 Mbl CKOMIIOHOBAJIN TAOIUIIHI UCTUHHOCTHU JIJIST HECKOJBLKUX (DYHKIINI
B OJIHY TaOJIHILY.



Ob6o3HayeHHnE CwmbICa HazBanue
ANB «An B» KOH'BIOHKITUS
AV B «A mm B» U3 BIOHKINAA

-A «He A» OTpHUIlAHNE
A— B «u3 A crnemxyer B» AMILITKAITAS
A< B «A paBHOCHUIBHO B» 9KBUBAJIEHTHOCTH
A® B «qmbo A, 6o B» XOR (uckmmouaroriee
i)

[Toxkasyit, Bce jjormdeckne CBA3KM UMEIOT €CTECTBEHHYIO MHTEPIIPETAITNIO, KPOMe
UMILTHKAIIE (TI0UeMy €€ OIpeJIe/ISIIOT UMEHHO TaK, MbI OOCYIUM MO37Ke):

Habopb! 3Havenunii nmepeMeHHBIX MPUHATO MEPEYUCTATH B CJIEIYIONIEM ITOPSIIKE.
[lepBbiM UAET HAOOP W3 OJHUX HYyJIEl, a Jlajbllle i-blif HADOP ABJISIETCS JIBOMIHOIM
sanmceto uncia i — 1. Takum obpaszom, Beero B Tabmie uctuaHocTH 2% cTpoK (MMeHHO
CTOJIBKO YHCEJT MMEIOT JIBOUTHYIO 3aIHCh JJINHBI k).

Brarogapst craniapTHOMY MOPAJIKY MOXKHO IIPOCTO 33/1aTh OyJIeBY (PYHKIIUIO CTOJIO-
OM €€ 3Ha4YeHH:

f(z1) =10 = —zy, g(x1,29) = 0001 = 21 A zg,  h(zy,22) = 0110 = 21 P 9.

[oBopsT, uro dyHKIMsA 3a/1aHa 8EKMOPOM 3HAUEHUT .

1.1 3ananue OyjieBbIX PYHKIUA C IIOMOMILIO
JIOTUYECKUX CBA30K (opmynamn)

Caenytomuii criocod 3ajanus O0yaeBoil (DyHKIIUKI — UCIOJIB30BATD yKe 3a/IaHHble
OyJieBbI (DYHKITUH JIJIs1 OIIpe/iesieHus 6osiee CaoKHBIX GyHKImit. C TOYKYM 3peHust JOIMKH,
MBI UCIIOJIB3YEM JIOTUYIECKUE CBS3KM JIJIsl TIOCTPOEHUsT 00JIee CJI0KHBIX BbICKA3BIBAHUIA,
HAIPUMeE]D

(AANB) — C.

Dopmysry MOXKHO M300pa3UTh C MOMOIIBIO J€PEBa, BHIYUCICHUS 10 KOTOPOMY (Immociie
[PUCBANBAHUST 3HAYEHUI TIEPEMEHHBIM ) UJIYT CHU3Y BBEPX; BOOOIIE MOBODPSI BBIYKCIISTE
3HQUCHNEC KaXKJOT0 y3Ja JAePeBa MOXKHO MapaJseJbHoO.

A B

Puc. 1.2. Tepeso st bopmynst (AN B) — C



CKOOKM MCIOJIB3YIOTCS I yKa3aHUs IPUOPUTETa oneparuit: B (popMmysie Bbiiie
cJIeJlyeT cHadaJia BBIOJHUTH KOHBIOHKIINAIO, a 3aTeM uMIiuinkanuio. J[isa ymobceTsa
3allUCU UCIIOJIB3YIOT CJIEIYIONINE JIOTOBOPEHHOCTH O IIPUOPUTETE OllEePAITnii:

1) orpunanue —;

2) KOHDBIOHKIUS A;

3) mmsbronknus V u XOR @;
4) uMIITMKAIu —;

5) SKBUBAJIEHTHOCTD 4.

CoryracHoO 3TUM JOrOBOPEHHOCTAM MOYKHO BOCCTAHOBUTL CKOOKM: CAMBIN BBLICOKMIA
HPUOPUTET y OTPUIAHUS, CAMbBIii HU3KWIT — y SKBUBaJeHTHOCTH. B ciaydae, ecam nBe
olepaluy UMEIOT OJMHAKOBBI IPUOPUTET, TO CHATACTCS, YTO CIEPBa BBLITOJIHACTCA Ta,
KOTOpas CTOUT Jesee. Ho Jiydine mocraBuTh JIMIIHIOK apy CKOOOK, Habbl He ObLIO
HEIIOHUMAHUs, YTO MBI ¥ OyJIeM JejaTh.

IIpumep 1. PaccraBus ckoOKu it OPMYJIBI T1 — =Ty A L1 V Ty IOy IUM
(Il — (((_LI‘Q) A .Tl) V .732))

PaccraBuB cKoOKHU, COrJIaCHO TIPUOPHUTETY MOYKHO IIPeoOpa3oBaTh (OPMYJIy B Jie-
PEBO, PYKOBOACTBYACH CJICLYIOIUMU IpaBuiaaMu. Ecim dpopMyra cocTOUT TOIBLKO U3
HepEeMEeHHOM, TO JIePEeBO COCTOUT TOJILKO U3 OJHOIO y3/1a — caMoil nepemenHoil. Ecau B
dopMmyJie ecTh omepanuu, TO Hy?KHO 334Th OLEPAIUIO U3 BHEIIHUX CKOOKAX M CIesIaTh

€€ BepIINHOI JiepeBa; TOCTPOUTD JIEPEBbs JIJIS JIEBOTO U IIPABOI'O OIIEPAHJIOB U C/IEIATh
X JIEBBIM M IPaBBIM JEeTbMH BHEITHE onepalni cOOTBETCTBEHHO.

n (V)
(n) =
o) =

T2

Puc. 1.3. IlepeBo njist popmysabl u3 npumepa 1



1.2 PaBencTBO OyJieBbIx PYHKIUI 1 popmy..
PUKTUBHBbIE IepEMEHHbIE

O‘I[I/IH 13 CaMbIX KOBapPHbBIX 3HaKOB B MaTE€MaTHUKE — 3TO 3HaK PaBEHCTBA. CHpaBe,Z[JH/I—
BOCTH (DOPMYJIBI X1 A Xy = Xy /A X1 HE BbI3BAET COMHEHUI, BEJIb MOXKHO TIOJICTABUTDH B HEE
BCEBO3MOKHBIEC HADOPDI 3HAYEHUN ITEPEMEHHBIX U ITPOBEPUTH, YTO 3HAYEHUE JIEBOI YacTH
BCErJla paBHAETCH 3HAYEHUIO MpaBoil. PazyMHO ObLI0 ObI CKa3aTh, YTO JieBad U IpaBas
JacTH PaBEeHCTBA 3a/1al0T OyJsieBbl (DYHKIINH, ¥ PABEHCTBO CIIPABE/JIMBO, €CJIU OYJIEeBbI
GYHKIMU COBIAIAIOT, HO TYT €CTh OJIHA 3arBO3JKa. PaccMOTpUM Terepb paBeHCTBO

xr1 N\ X9 :xg/\.fl/\(l'g\/_'lg). (1)

DTO pPaBEHCTBO TaKKe JIENKO IMPOBEPHUTH ITOJCTAHOBKOI, HO B €ro JIeBoil 1JacTu
zanmcana OyieBa (DYHKIIMSA OT JIBYX apryMeHTOB, a B IpaBoif —oT Tpéx. Or 3Toro
MOXKHO OBL/IO ObI OTMaxXHyTbCsI, CKa3aB, 9TO MOYKHO CUUTATh, UTO JIeBas YaCTh PABEHCTBA
3aJ1a8T PYHKIMIO OT TPEX apryMEHTOB, HO VIS TOJIBKO Ha JIEBYIO YaCTh HEBO3MOXKHO
IIpeJicKa3aTh CKOJIBKO IIePEMEHHBIX IToHa100uTcs. JI100oil, KTo XO0Th pa3 IpodoBaJI
nucath Ha C+-+ MOHMMAET, 9TO 3Ta IpobJIeMa JTOBOJIBLHO IEIUKATHAL.

Perterne 3Toit 1pobJieMbl TPUBOJIUT K OIPEJIEJICHUIO PABEHCTBaA OYJIEBBIX (DYHK-
nuil, HO HAYHEM MBI ¢ JIpyroro omupejenenus. Tasmonozus —>1o OyaeBa QyHKIHSI,
KOoTOpas Bo3BpalmaeT 1 Ha JoboM Habope repeMeHHbIX. ByeBnl hyHknnu f u g pas-
not, ecn byuknus h = (f <> g) — raBronorus. Oupesenenne paBeHCTBa GyJIEBBIX
dyuknmit mepenocuTcsd Ha paBeHCTBO (opmys. Ecim He 0roBOpeHo MPOTUBHOTO, TO MbI
cauTaeM, 910 popmysia 3a1aET Oy/IeBY (PYHKIIHIO, 3aBUCSIILYIO TOJIBKO OT TMEPEMEHHDIX,
BCTpEYAIOIIUXCsd B 9TOi popMmyite.

O6o3naunm gepes g(z1, Ta, r3) OyreBy QYHKINIO, 3a/IaHHYIO TIPABOIl 9acThIO (bOpMy-
bl (1). fcHo, uTo 3HAYEHME g HE 3aBUCHUT OT IEPEMeHHOl 3. Biarojapst npusejéHHOMY
OIIPEJICJIEHNIO PABEHCTBA, MBI MOJIydaeM, 9To ¢(z1, Te, x3) = g(x1,22,0) = g(x1, 22, 1).
B cayuae, ecu miist 6yneBoit dbyukmmn f(xq, ..., T,) CIpaBeIIBO PABEHCTBO

f(xl,l'g, e ,xi_l,O,le, e ,il?n) = f(.%'l,.iljg, N S I 1,$i+1, ce ,.Tn), (2)

nepeMeHHas r; HasbiBaeTcsd Purkmuenot (mis GyHkimu f); B ciydae, ecjiu paBeH-
CTBO (2) He BBINOJIHSIETCS JIJIsl IEPEMEHHOIT T;, TO OHA HA3bIBACTCS CYULECMBEHHOT.

3amMeTumM, UTO JJIsI JIOKA3aTEJIChCTBA CYIIECTBEHHOCTH ITIEPEMEHHON X; JOCTaTOYHO
HaifiTy B Tabsuie nCTUHHOCTH f /Ba HabOpa 3HAYEHUN MMEPEMEHHBIX, OT/IMIAIONINECs
TOJIbKO 3HAYEHUSIMU T;, Ha KOTOPBIX [ MpUHUMAaeT pa3Hble 3HadYeHus. JJ1s1 joKa3aresib-
cTBa Ke (PUKTUBHOCTHU, HEOOXOIUMO ITPOBEPUTH COBIIaaHne 3HaYeHUil f Ha BCEX TaKUX
HaOOPOB: PABEHCTBO (2) BBIMOJIHAETCS €CJIH ¥ TOJBKO €CJIM OHO BBIMOJIHACTCS JIJIsi BCEX
HabOPOB 3HAYEHUN MEPEMEHHDBIX L1, L2, - - -y Ti—1s Lit1y - - -y Tn-

1.3 Jlormyeckue TOXKJIeCTBa

,D;JIH JIOTHYIECKHUX CBA30K BBIIIOJIHAETCA JOBOJILHO MHOI'O 3aKOHOB (TO)K,HGCTB). Nx
CIIPpaBCIJINBOCTb MO2KHO ITPOBEPUTDH C IIOMOIIBIO T&6J’H/IL[ MCTUHHOCTH.
3aKOHBI KOMMYTaTUBHOCTHA:

1‘1/\1'2:.%'2/\1’1, $1\/ZL’2:1’2\/ZL‘1, 1 DTy =29 DT.



3aKOHBI acCCOIMATUBHOCTMH:
1 N\ (o A x3) = (T1 A T2) A T3.
3aKoHBI JUCTPUOYTUBHOCTH:
e ANBVC)=(ANB)V(ANC)
AV (BNC)=(AVB)AN(AVCO)
AV(B—-C)=(AVB)— (AVv(C)
A— (BNC)=(A—=B)AN(A—=C)
A—- (Bv(C)=(A—-B)V(A— ()

e A (B—-C)=(A—B)— (A—C)
HpaBI/IJ'Ia IIOorJiomeHms:
AV(ANB)=A, AAN(AVB)=A.

A pyrue BakHble cBoiicTBa:

e ANA=A AVA=A (MIEMITOTEHTHOCTE )
e AN-A=0, AVv-A=1 (momostHeHME )
e ANO=0, AV0O=A (yHUBepcaJbHbIE TDAHUIIHI)
e ANI=A Avli=1 (yHUBepCaJbHBIE TPAHUIIHI)
e <(mA)=A (MHBOJIIOTHBHOCTD )
e (AANB)=-AV-B,~(AVB)=-AA-B (3akoubl Moprana)

e A-B=-AVB, AVB=-A—B

[IpocTo gepTuTh TaOJIUIBI UCTUHHOCTH JJI [IPOBEPKH JAHHBIX TOXKJIECTB JI0BOJIb-
HO BpeMsAzarpaTHo. [IpuBesiéM npumep JI0Ka3aTeNIbCTBA TOXKJIECTBA Uepe3 TabJIUILy
UCTUHHOCTH, HE PUCYs CaMy TaOJIHILy.

ITpumep 2. lokaxkem ToxaectBo A — B = —AV B. I uMmmmukaus n Ju3bOHKITAS
MUMEIOT POBHO OJIMH HOJIb CpeJin 3Hadennii: Ha vabopax (1,0) u (0,0) coorBeTcTBEHHO.
Takum obpaszom, 3amenuB B gu3bionkiun A V B nepemennyio A Ha eé orpumanue, Mbl
IIOJIy1YUM Ta6m/my NCTUHHOCTHM AJId MMILJIMKaIMN.

MHorue ToKIeCTBa Cpein IPYIUX BarKHBIX CBOMCTB MOJIYyJal0TCS Iy TEM ITOICTAHOBKH
BMECTO IePEeMEHHONR KOHCTAHT.

ToxkrecTBa, KOTOpbIe MBI PAacCMaTPUBAJIMN BBIIIE, WLIIOCTPUPYIOT CBONCTBA JIOTHU-
YeCKHMX CBA30K. Jlormuecknx 3aKOHOB 3a HUMU CXOJIy He BUIHO. He Takme, nampumep,
«3aKOH JIBOiHOrO oTpunanus» ——A = B u 3akoH KoHTpanosuimn A — B = B — —A.

C 0CMBIC/IEHHBIMU JIOTHYECKUME 3aKOHAMHU MbI [IO3HAKOMUMCS 9yTh II032Ke, & IOKa
YYUMCS YTHJIATAPHO paboTaTh ¢ aarebpoil JIOTMKH.



Jlekimsa 2

MHoxKecTBa 11 JIOTHUKA

Ilnan:
1. MuoxecTBa u oneparuu HaJi HIMI
2. CBsI3b anreOpbl JIOTUKU U AJIreOPhl MHOXKECTB

® IIPEINKATHI
® IOHUBEPCYM U JIONIOJTHEHHE

e 3akKoOHBI jJe Moprana

® KBaHTOPBI

® SKBHUBAJIEHTHOCTH TOXKJIECTB ajreOpbl MHOXKECTB U aJIreOPbl JIOTUKH
® UMILTHKAINS

® KOHTPaAIIO3UIMA

JIureparypa: [1], [3]

B maremaTnuecknx Kypcax 4acTo CTapaioTcs, YTOOBI BCE OBLIO JIOCTATOYHO CTPOrO
otpejiesieHo. OJiHaKo, /it coBceM 0a30BbIX MMOHSATUN ITPUXOIUTCS JI€/IATh UCKIIOUCHUE:
TOYKHM U IIPAMBIE B IIKOJBHONR T€OMETPHUHN HE ONPEJEISIOT, & JIAIIb OTVIAIIAI0T HEKOTOPbIE
UX CBOMCTBA, & B OCTAJILHOM IIPEJIAraioT MOJaraTbCcsd Ha UHTYHUINIO. Takyke NpuaeTes
cIeJIaTh U HaM IIPU U3YyYCHUN MHOZKECTB.

2.1 MmnoxecTBa 1 onepanuu HaJd HUMU

Korma roBopsiT, 9T0 38/1aHO MHOXKECTBO A, O] 3THUM IMOHUMAIOT, YTO A IpeicTaBser
co00#1 COBOKYITHOCTb OOBEKTOB, UTHOPUPYS IIPU STOM KaKue JIUOO OTHOIIECHUS MEXK Ly
STUMH 00bEKTaMM, B YACTHOCTHU MOPSIIOK; KPOME TOTO, OJUH 00BEKT HE MOXKET BXOJIUTH B
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MHOZKeCTBO OoJiee 0/THOTO pasa. KoHedHOe MHOYKEeCTBO MOXKHO 33/1aTh SIBHO IEPEYNCIIIB
€ro 3JIEMEHTBI — JIJIST TOI'0 UCIOJIb3YIOT (PUTYPHBIE CKOOKU:

{1,2,3,4,5}.
N3 ckazaHHOTO BBIIE BBHITEKAET, YTO

{1,2,3,4,5} = {5,4,3,2,1} = {1,3,2,4,5} = {1,1,2,2,2,3,4,5}.

JIBa MHOXKECTBA PaBHbL IPYT JIPYTY, €CIN WX SJIEMEHTBI COBIAIAIOT. B mocseHem
OICAHNN MHOYKECTBA 9JIEMEHTBI TIOBTOPSIIOTCS: JIEMEHTBI PA3PEIIEHO TTIOBTOPSTH [IPU
HEPEINCIICHIN, XOTS B MHOXKECTBO KazK/IbIil IIEPEUNCACHHDIN 9JIEMEHT U BXOJUT POBHO
onuH pa3. KosmaecTBo 9/1eMEHTOB KOHETHOIO MHOYKeCTBa A HA3bIBAIOT MOULHOCTIIBLIO
A u obosnavator yepes |A|: [{1,2,3}] = 3.

B caywae onmncanusi 6eCKOHETHBIX MHOXKECTB, NCIIOIB3YIOT HESBHOE HEepPednC/IeHIe:
tak MuHO)kecTBO Ny = {0,1,2,3,...} cocrout u3 (Bcex) HaMypasvHux vucen. Mol
cYnTaeM HOJIb HATYDPAJbHBIM YHCIOM (II0 TOMY BOIPOCY CPEIH MATEMATHKOB HET
eJIMHONO0 MHEHNS ), ¥ 9TOOBI He IyTaTh duTaTe/is 0003HAUAeM HATYPAJTbHBIE THC/Ia depe3
No; o603raunm vepes Ny = {1,2,3, ...} MHOKECTBO NOAOHCUMEALHBIT UEABIT HYUCEN.
MHOXKECTBO UeablT “ucen 7, 4acTo 3aluChBAIOT OJHUM U3 CJIEYIOINUX CIIOCOOOB:

Z={.,-2-101,2,..}=401-1,2-2,..}

Bamuch «a € A» o3HadaeT, 9T0 OOBLEKT a ABAAETNCA INEMEHIMOM MHOKeCTBa A,
a 3aIuch «a & A» — OTpUIlaHUE ITOrO YCIOBUS:

3€41,2,3,4,5}, 2¢{1,3,5,...}.
[TosHakoMmMCst ¢ ermé o1HOo# (POPMOIt 3aIMCH MHOXKECTB. 3aIlNCh
A = {z | «ycnoBue Ha x»}

O3Ha4daeT, 9TO MHO2KECTBO A COCTOHUT U3 BCEX JIEMEHTOB I, JJIsI KOTOPBIX BBLIIIOJIHACTCSHA
yenosue. Taxk, samuch {x | x = 2k + 1 aya vekoroporo k € Ny} 3a71aéT MHOXKECTBO
HeYETHBIX uncesl. TakzKe BMECTO CHUMBOJIA | HCIIOIB3YIOT JIBOETOYNE; ITU 3AICH PAB-
HOIIPABHBI, & BBIOOP CHUMBOJIA 9aCTO OOYCJIOBJIEH KPACOTONH M YUTAEMOCTHIO (DOPMYJIBL.
OupeeuM ¢ TOMOIIBIO TAKOH 3aIllCA MHOXKECTBO PAUUOHANGHBLL YUCEN:

Q:{%:mEZ,nENl}.

Tak>ke BBeJIEM 3/1€Ch 0003HAUEHNE JIJISI MHOXKECTBa deticmeumenvHux wucea R,
aKKypaTHOe OllpejieJIeHre KOTOPBIX JIaETCd B Kypce MaTeMaTUuIecKoTo aHa/n3a.
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AUB ANB

A\ B AAB

Puc. 2.1. JTluarpammbl Ditsiepa-Benna.

OrmpejiesuM Terepsb OMeparmi ¢ MHOYKeCTBAMMU:

e oObeuuenne A U B MHOXKecTB A 1 B COCTOUT W3 3JIEMEHTOB, KOTOPBIE ITPUHA/IIE-
JKaT XOTs Obl OJITHOMY M3 MHOYKECTB;

e 1epecederne A N B cOCTOUT U3 9JIEMEHTOB, KOTOpbIe IPUHAIeKAT 000UM MHOXKe-
CTBaM;

e pasnoctb A\ B cocrouT u3 3JIEMEHTOB, KOTOPBIE TPUHAJIEKAT A, HO HE IPUHA/I-
Jexkar B;

e cumMeTpuUeckast pasHocTb A /A B COCTOUT U3 3JIEMEHTOB, TPUHAJIJIEXKAIIIX POBHO
OJTHOMY M3 MHOKECTB.

DT onepanuu WITIOCTPUPYIOT € TIOMOIIBIO uarpamm Ditiepa-Benna (puc. 2.1).

[oBopsT, uTo MHO)KeCTBO C' SIBISIETCSI NOOMHOHCECTNEOM MHOXKECTBA D, ecyin Bee
smemenTsl C' mpuHaexar D. 91o oboznadaror C' C D. 3 KapTUHOK BUIHO, 9TO
A\ B C A. MHOXKeCTBO, B KOTOPOM HeET 3JIEMEHTOB Ha3bIBAIOT NYCMIbLM 1 0003HAUAIOT
.

Yupaxkuenue 1. Yoeaurecs, uro (AA B)N(ANB) = o.

Yupaxkuenue 2. Yoeaurech, 4To MHOXKecTBa A 1 B paBHBI, TOra U TOJLKO TOIJA,
korma A C Bu B C A.

Yupaxxuenue 3. Jlokaxkure, 910 J1J1s1 JTIOOBIX MHOXKeCTB A 1 B cripaBeiinBa (hopMyJia

(AUB)\ (AA B)= AN B.
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2.2 CB43b C JIOrUKOI1

[Tpu m3ydenun ajaredGpel JIOTUKH, MBI UMEJIN JIEJIO ¢ BBICKA3BIBAHUSAMU, KOTOPBIE JIHOO
UCTUHHBI, JT1O0 JIOXKHBI. YTBepKenne A(x) = «r gesurcs Ha 6> 3aBUCHT OT IapaMeTpa
X, & MOTOMY TAKOBBIM HE SIBJISIETCsI. Y TBEDPK/IEHUsI, 3aBUCSIIIE OT apaMeTpPOB, HA3bI-
BaloT npedukamamu u padboTaTh ¢ HUMIA MOYKHO TOYHO TAaKKe KaK U ¢ OOBITHBIMU
BBICKA3bIBAHUANM (MOYKHO TIPUMEHSITh K HUM BCE Te JKe JIOTUIeCKre CBsI3Ku). Jacto
YJI0OHO MCIOJIB30BATH MPEJUKATHI, 3aBUCAIIIE OT HECKOJbKUX MTapaMeTpPOB: HAIIPUMED,
G(z,y) = «x > y». Hucao napaMerpoB Ha3bIBACTCS GPHOCMBIO TIPEINKATA, TIPEINKA-
ThI APHOCTU | WIN YHAPHDBLE TIPEUKATHI COOTBETCTBYIOT MHOYXKECTBaM: MHOXKECTBY A
COOTBETCTBYET mpeankar A(x), KOTOPBI HCTHHEH TOTJa U TOJIBKO TOrja, Korma & € A.

Ob6partnM BHUMAHWE, ITO

AUB={z|(z € A)V (z € B)};

ANB={z|(x€ A)N(x € B)};
A\B={z|(r € A)AN—(z € B)};
AAB={xz|((r € A)AN-(xeB)V((xeB)A-(z e A))}.

B onmcannn muoxkecta {z | P(x)} yciaoBue P(x)—»9To U ecTb yHApHBI IPEJUKAT,
3a/IAIOMIUI MHOXKECTBO.

Dra CBA3b O0bICHSIET 3aKOHHOCTb PAaCCY’KJEHUIl ¢ KapTHHKAMU (JuarpaMMaMi
Ditnepa-Benna). Jomycrum B quarpammy Bxojat tpu MuokectBa A, B u C. Kaxyto
06J1aCTh IHarpaMMbl MOXKHO 3aJIaTh BEKTOPOM (a, b, ¢) ¢ kommonerramu {0, 1}; sHauenune
1 o3Havaer, 9T0 T NPUHAIJICKUT COOTBETCTBYIONEMY MHOXKecTBY, a 0, aro met. Tax,
BekTop (1,0, 1) o3nauaer, uro © € A, x ¢ B u x € C. Cama juarpaMMa OIUCHIBAET
MHOXKeCTBO [, 1 ecjiin 00J1acTh 3aKpallieHa, TO BCAKUN & U3 9TO#l obJiacTu IMpuHAaIIe-
xut D. Tlomygaem, aro quarpammbl Ditiepa-BenHa MpocTo MLIoCTPUPYIOT TAOIUITBI
UCTUHHOCTH.

MHuorue TeopeTHKO-MHOKECTBEHHBIE TOXK/IECTBA, CJEIYIOT HAIPSAMYIO U3 TOXK/IECTB
aJIreOPBI-JIOTUKHU: TOXKJIECTBO

(ANB)UC =(AUC)N(BUCQC)
PaBHOCHUJIBHO CJIEAYIOIIEMY TO2K/IECTBY, B KOTOPOM @ O3HaYa€T «T € A» 1 T.O.

(anb)Ve=(aVc)N(bVe).

KOuusépcym m lonosaHeHune

BBI CKOpee BCero yxke HacCJIbIIIaHbl O TaKOM olrepanumn ¢ MHOXKeCTBaMHM, KaK J10-
nostenne. Ho BOT kKaBep3HbIil Bompoc': MPUHAIIEIKAT JIH YHCI0 /2 K JTOHOTHEHHIO
MHOXKECTBY Y6THBIX uncesi! A BoT 3101 cryi1?! CJI0BO «JI0MOHEHNEe» OYKBAIBLHO O3HAYAET
«J10 TIOJIHOTO», ITOITOMY JIJIsl TOM ONEPAIUU HYKHO CHAYaJsIa ONPEIEIUTh «IIOJTHOE MHO-
JKECTBO» — MHOYKECTBO M3 BCeX 00bEKTOB, KOTOPbIE Mbl PACCMATPUBAEM B paMKaxX HAITUX
TEOPETHKO-MHOZKECTBEHHBIX paccyKjaeHuil. Takoe MHOXKECTBO HA3bIBAIOT 1OHUBEPCYM
u obosnavaoT U.

1ECJ’II/I O OOIIOJIHEHUHU BBI HE CJIbIIIaJIN, TO IIPOIIYCTHUTE 3TOT BOIIPOC.
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Mmnosxkectso A = U \ A nasbiBator donoamenuem K MHoxkecty A. fcHo, 9O
A —3T0 HamMeHbIIIee MHOMKECTBO, KOTOPOE HYKHO JOOABATH K A, UTOOB! MOIYUIHIOCH
MHOXKecTBO U.

MbI n3ydaeM HAUBHYIO TEOPHIO MHOYKECTB, KOTOpasi BOOOIIE TOBOPSI IPOTUBOPEUNBA.
[IpobJieMbl BO3HUKAIOT, €CJIM PACCMATPUBATH MHOXKECTBA BCEX MHOXKECTB (CM. TApajioKe
Paccesna). [l Toro, 9robbl 06e30macuTh cebst, TOCTATOTHO 3a()UKCHPOBATH IOHIBED-
cym: ecairt U — MHOXKECTBO HATYPaJbHBIX (IEJIBIX HEOTPUIATETbHbIX) dnce Ny, 1mesrbix
qncen Z, parmmonaabHbix qnces Q maun BemecTBeHHBIX dnces R, To mpobsieM He OyIer.

[IpuBeiEém Ternephb 3aKOHBI TEOPUN MHOXKECTB, CBSI3aHHBIE C JOMOJHEHHEM U COOTBET-
CTBYIOIINE MM JIOTHIECKIE 3aKOHBDI.

3akonbl e Moprana

C moMoInpio auarpamMmm JIETKO IIPOBEPUTh, 910 A N B = AUB B, AUB = ANB. U
CBSI3M € TAOJIMIIAME UCTHHHOCTH 1OJTydaeM, 910 a Ab = —(aVb) uaV b= —(aAb). 9
3aKOHBI M3BECTHBI KaK 3aKOHbI Je Moprana.

Opnako, 5T GOPMYJIBI MOXKHO 00OOIUTE:

ANANnN...NA,N...=4,UAU...UA,U... (1)

JlokazkeMm 0000IIEHHYIO0 POPMYIIy, 0O03HATUM JIEBYIO YacTh 3a X, a IpaByio 3a Y.
Ecmu z € X, To x npuHa /IeKuT KaxkJI0My MHOXKeCTBY A;, HO TOrIa OH He MPUHA/IeXKUAT
HI OJTHOMY JIOTIOJTHEHUIO A;, a 3HAYNT U WX OObeJINHEHUI0. SHAYNT T IPHHAJICIKHAT
JIOIIOJTHEHUIO OT O00beIMHEHUS JIonoTHeHud, T. e. Y. Mbr jokazamu, aro X C Y. Ilycts
Teneps y € Y, Torya y € Y U HOTOMY JUIs KazkJ0ro 4 BbinosHsercs y € A;. Ho paz y &
A;, oy € A; (nma xaxoro 7), amoromy y € X. Orciona Y C X; Kak 1 B IIePBOM CJIydae
BKJIIOUEHUE CITPABEJJINBO B CUJTy TPOU3BOJIbHOCTH Y. VTak, Mbl jlokazamm, 9to X =Y,
aro u TpeboBagock. Ob6paTuM BHUMAaHNE, YTO IPH JOKA3ATEIbCTBE PABEHCTBA JIBYX
MHOKECTB TpeOyeTcsi IOKa3bIBaTh BKJIIOUYEHUS B 00€ CTOPOHBbI! BhIBAIOT /T0KA3aTeIHCTRA,
B KOTOPBIX XUTPBIM 00pa30M JIOKa3bIBAETCH PABEHCTBO MHOYKECTB 0€3 JT0Ka3aTe/IbCTB
BKJIIOUEHUIT 110 0Yepe/id, HO 9TO CKOPee PEJIKOCTb.

JIBoiicTBennblit 3aKkon Moprana

BiUByU...UB,U...=B NByN...NB,N...

MOKHO JIOKa3aTh aHAJOTUIHO, HO MOXKHO U BBIBECTHU U3 IIePBOT0 3akoHa. [locKoIbKY
TOXK1ecTBO (1) cripaBe ynBoO Jijisi IPOM3BOJIBHBIX MHOXKECTB, 3aMeHUM B HEM A; Ha B,
CHUMEM JIBOIIHOe JOIOJIHEHNE U BO3bMEM JIOIOJHEHUS OT 00enX JdacTeil paBeHCTB.

KBanTopsb!

Bo3MmokHO BBI yzKe TO3HAKOMUJINCH C KBAHTOPAMHU B MaTeMaTHYeCcKOM aHasmnse. Bep-
HEMCS K YTBEP2KJICHUAM, 3aBUCAIIIM OT TapaMeTpa — IpeJnKaTaM. JacTo mHTepecHo,
UCTUHEH Jiu npeaukaT A npu jo00M . 9TO yTBEPKICHUE 3AIMCHIBAIOT KaK

Ve A(z),
a MCTUHHOCTD [PH XOTs Obl OJTHOM &

JrA(x).
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Buauku V 1 3 Ha3bBAIOT KEAHMOPAMUY (BCEOOIHOCTH 1 CYIIECTBOBAHUS COOTBETCTBEH-
HO).

KBaHTOPBI MOXKHO MHTEPIPETUPOBATH KaK (BO3MOYKHO) GECKOHEUHbIE KOHBIOKITUN U
JIU3BLIOHKIINK 7IeMEeHTaPHbBIX BbicKasbiBauuil A(x). [TockobKy oreparun KOHbIOHKIIH
U JIN3BIOHKINST KOMMYTATUBHBI U ACCOIMATUBHBI, MTOPSI0K UX BBIIOJHEHUsT HE BaryKeH.
DTO MPUBOIAT K CJAEIYIOMIEMY COKpAIEHUIO0 B (DOPMY/Iax:

AMNARI A An) = NAG) =\ Al).
}

i=1 ie{l,..n

B cirydae Korja mopsiJIoK OnepaH/IoB BayKeH (HalpuMep, B IPOM3BE/ICHUI MATPHUIL),
BTOpad 3aliCh WHTEPIPETUPYETCA KaK MepBas, a TPEThs 3aIMCh BOOOIIE TOBOPsT HEKOP-
peKTHa.

B ciayvae mpousBosibHO# OPMYIBI B KBAaHTOPaX, MOJpa3yMeBaeTCs UTO KarKJas
IlepeMeHHas IPUHUMAaeT 3HaUYeHne U3 OIPeJIeIEHHOIO MHOYKeCTBa, IoHuBépcyma U. B
JIOTHKE YJI00HO CYUTATH, YTO BCE MEPEMEHHBIE MPUHUMAIOT 3HAYEeHUs U3 €/IMHCTBEHHOTO
MHOKECTBa, 3TO JIETKO Pean30BaTh TEXHUIECKU.

Nrak, dopmaiibio dhopmyria B KBAHTOPAX WHTEPIPETHUPYETC TaK:

VeA(z) = )\ Al).

zelU

K konbronkiuu (He 00s13aTe/IbHO KOHEUHOI) puMernM 3akoH Moprana, orcioma
HOJIy9aeM, 9TO
V() = [\ A(z) = \/ ~A(z) = Jz-A(z).

zelU zelU

DKBUBaJICHTHOCTD TO2KJECTB aJII‘66pr JIOTUKN
n aJIFe6pr MHO2KeCTB

TO)K,ZLeCTBa aﬂF€6pr JIOTUKH IIEPEXOJIAT B TOZKIECTBA a.J’[Fe6pr MHO2KECTB IIp1 3aM€EHEe
OyJIeBBIX ITEPEMEHHBIX MHOXKECTBAMHE, & OllepaIluii ajredbpbl JIOTHKN Ha COOTBETCBYIOIINE
oreparuu ajaredpbl MHOXKeCTB. [lepexo cripaBeiuB u B obpaTHyio cropony. [ToaTomy
Bce IIpeodpa30BaHusl, KOTOPbIE Mbl U3YUMIn, paboTas ¢ aaredbpoil JJOruK UMEIOT IIPSIMOit
aHaJIOT B ajiredpe MHOYKECTB.

[IpuBeiém HAOPOCOK JTOKA3ATETHCTBA IKBUBAJIEHTHOCTH TOXKJIECTB B 9TUX ajredpax.
Bosbmém dopmyity anmredOpbl MHOXKECTB U 3aMEHNM B Hell MHOXKecTBa A; Ha IpeuKaThl
A;(x) a omepanuu, Ha COOTBETCTBYIOIIME Jorndeckue onepaiuu. J{o6aBus nepe oben-
MU 9acTIMHA KBAHTOP BCEOOIITHOCTHU 110 T U 3aMEHUB PABEHCTBO Ha 3KBUBAJIEHTHOCTD
[TOJIyYUM BbIPayKeHUe BHIA

Vx((neBast gacTh dhopMyIibl) <> (mpaBas YacTb GOPMYIIbI)).

dcro, 9TO 3TO YyTBEPXKJICHUE UCTUHHO JIJIA JIIOOBIX IPEIUKATOB TOIA U TOJHKO
TOrJa, KOrJia M3HavdaabHas (opMmysa aarebpbl MHOXKECTB CIIPaBeINBa M JII000TO
Habopa MHOXKeCTB. Tak»Ke SICHO, UTO 3TO yCJIOBUE BBIIOJIHIETCS, €CJIH 3aMEHUB Teleph
npeauKaThl Ha OyJieBbl mepemennbie (A;(x) Ha a;) 1 yOpaB KBAHTOP IO X, MbI TIOJIy UM
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TOXKIECTBO B anrebpe joruku. Ecin »ke B pe3ysbrare 3aMeHBI MbI Oy IUIN HE TOXK/IE-
CTBO, HAIIETCS TaKOil HAOOP ImepeMeHHBIX, TP KOTOPOM BBICKAa3bIBaHME JIO:KHO. Ecin B
sroM Habope a; = 1, nomoxxum A; = {1}, eciu ke a; = 0, monozkum A; = &. BeinosiHus
oOpaTHYIO 3aMeHy OT aJreOpbl JIOTUKU K YTBEPXKIACHUIO B IpeIuKaTax U K OpMYyJIe
aJaredpbl MHOYKECTB, TOJIYUNM, 9TO yTBEp:KJEHNE B IIPeInKaTax JIOXKHO, a hopMmyJia
aJIreOpbl MHOKECTB HE BBIITOJIHSIETCS.

Paccyxieaust B 00paTHYIO CTOPOHY aHAJIOTUIHEI.

[IpuBeiéM mpuMep MOCTPOEHUS IKBUBAJEHTHBIX TOXKIECTB aJIreOpbl MHOYKECTB U
aJIreOpoil JIOTUKK C IIPOMEXKYTOIHBIM ITAaroM (GOpMyJIbl C IIpeJuKaTaMi Ha IIpUMepe
3akoHa jie Moprana.

ITpumep 3.
AUB=ANB
Va(=(A(x) V B(x)) < (-A(z) A —B(x)))

=(aVb) < —aA-b

I/IMH.TII/IKaI_[I/Iﬂ n MHO2KeCTBa

Ha uepBblil B31JIsl, ONpejieieHne MMIUIMKAIMK BbINJISIIUT CTpanHo. [louemy ma-
tematukn permuan, 91o 0 — 1 = 17! OTBer KpoeTcss B CBA3U € TeOPUEl MHOYKECTB.
Yreepxkienue «(z genurcs Ha 6) — (r geaurcs wa 2)V(x gemurcs Ha 3)» Oyier
CYMTATHCS TEOPEMO, €CJIM OHO MCTHHHO IIPH BCEX I

Vo Dg(x) — (Do(z) V D3(x)).

Ho yrBepxenue Dg(x) 70xKHO, Hanpumep, ipu © = 4, a yrBepxKenue Do) UCTUHHO.

[TepeBeném BoicckasbiBanue YV A(x) — B(x) Ha s3bIk MHOXKeCTB. Ecim mocslika
UMILIAKAIIMA UCTUHHA ITPU HEKOTOPOM X, TO IIPH TOM K€ T UCTUHHO U 3aKJIIOUEHUE
(nHAYE, MMILTHKAIHS JIOKHO). Ecim sKe mochlLIKa JI0XKHa, TO KAKOro Obl HI OBLIO 3aKJTO-
YeHre, NMILTIKAINSA UCTUHHA. SHAYUT KaXKJIblil & n3 A IpuHa IeXKNT TaK»Ke MHOKECTBY
B, orcioga nosryuaem, uro A —noamuoxkectBo B. fcho, uro Dg C Dy U Ds.

Kourpamnozumus

Jlormaecknit 3akon KouTpanosuimn A — B = =B — —A 1npu nepeBojie Ha si3bIK
MHOZKecTB TytacuT, uro A C B <= B C A. Ero 4acro NCHOIB3YIOT Ha IPAKTHKE IPH
JIOKa3aTe/IbCTBE TeOPEM M PeIleHnn 3a1a4: KOorja Hy»KHO JIoKa3aTh ciencrsue A — B,
9aCcTO BMECTO HEro J0KasblBaloT =B — —A.
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Jlekninga 3

MaremaTudeckue olpeaeaeHns,
YyTBEP2KJIEHUS 1 JOKa3aTeJbCTBa

Ilnan:

1. Omnpejenierne, yTBep:KIeHNE, TEOPEMa, KPUTEPHiA. 3aIiCh ¢ TOMOIIbIO (DOPMYJIbI
epBoro mnopsijika (HedopMaIbHO).

2. MeTojp! 1oKa3aTeIbCTB: KOHTPATIO3UITNS, HWH/TYKIIHs, OT TPOTUBHOTO, KOHCTPYK-
TUBHBIE (IPUMEPBI ¥ KOHTPIPUMEDDI), HEKOHCTPYKTUBHBIE.

3. I'panurel mpuMennmocTu: napajioke Paccerna.

JIureparypa: [4], [5], [0], [1]

W3yunB OCHOBBI JIOTUKHN U TEOPUH MHOYKECTB MBI MOYKEM COJEPZKATEIHHO IIOTOBOPUTH
o JoKazaresjbcTBax. Harrm pasroBop He OyJsieT CTPOrUM; CTPOIOMY H3JI0YKEHUIO STOT'O
MaTrepraJja OTBEICHO MECTO Ha BTOPOM KypcCe, HO U3y4YaThb JOKA3aTe/IbCTBA U YTO-TO
JOKa3bIBATh IIPU PEIIeHNM 3a/1a49, HYy?KHO yzKe ceifdac.

3.1 Ompenenenus

Onpedenerus onuchiBaloT OOBEKTHI U MOHATHA. Kcau ompeseseHne 3ammncaHo
Joruaeckoii hbopmylIoii, To OHO MMeeT B peanKkara D(x), KOTOPbIil NCTHHHEH TOT/Ia
U TOJIBKO TOIJIa, KOTJIa T, YJI0BJIETBOPSET OIPEeIESIEHUIO.

IIpumep 4. Muoxecrsy D = {z | 2> + 2z + 1 = 0} coorsercrByer npeaukar D(zx),
KOTODBIi1 ollpejie/ideT KopHu MHorodiena r2 + 2x + 1, T.e. —1.

ITpumep 5. Popmyiia

Ve>03dNeNy:Vn> N |z, —a| <e
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Kak XOpOoIIo H3BECTHO YUTATEIIIO, OIPEEIISeT IPEIeIl IUCAO0BOI II0C/Ie0BATEIBHO-
cri. Popmassio sto npegukar D(a, {z,}), KOTOpBIil 3aBHCAT KaK OT IHCIa @, TaK U OT
rocre1oBaTe/IbHOCTH {X,, }. [lapaMerper, OT KOTOPBIX 3aBUCAT HCTHHHOCTH (DOPMYJIBI,
HE CTOSIT I0J] KBAHTOPAMI.

Omnpenienierns, JaHHBIE CJIOBAMI HUIYTh HE Xy Ke OlpeIe/IeHuil, JTaHHBIX (DOPMYyJTaMu.
Ha mepBoM Kypce rociieinne BCTpedaioTes Jale, YTo0bl HayYUTh CTYJICHTOB U3JI02KEHUIO
B KBaHTOpaX. Tak, olpe/iesieHue mpejesa MOXKHO 1epedopMyIupoBaTh CJIOBAMU: «9HUC/IO
a — TpeJiest mocseoBaTesibHocT {X,, }, eciu Jiiobasi OKPECTHOCTb YHCJIA 4 COIEPIKUT
BCe 3JIEMEHThI 1I0CJIe/IOBATEIbHOCTH, HaUHas C HEKOTOPOI'O HOMEPay.

3.2 MaremaTudeckue yTBepK/JIeHUS

Mamemamuuecrue YymeepHcoeHUus, — 370 YTBEPKJIEHNUA, KOTOPbIE JTI00, HCTHH-
HBI JTUOO JIOYKHBI. B oT/im4me oT ompejie/leHnii, OHI He 3aBUCAT OT mapaMeTpoB. Kciam
Bbl BCTPETHUJIN YTBEPIKJIEHNE BUJIA «ECJIH IIOCTIEI0BATEIbHOCTD Ty, CXOIUTCs, TO OHA
orpaHuYeHa», TO B CHJIy BCTYIaeT MaTeMaTUIeCKOe COIJIAIEHHe O TOM, UTO B CJIy-
HJae OTCYTCTBUA B YTBCP2KACHUN KBaHTOPa II0 ITapaMeETpPy, Hy2KHO IIOCTaBUTHb KBaHTOPD
BCEOOIITHOCTH.

Cpean MaTeMaTHIeCKUX YTBEPKIEHNN BBIIEISIIOT MeoPemvl — NCTUHHBIE YTBEp-
KIerns. Kak mpaBuio, TeopeMaMu Ha3bIBAIOT 3HAUMMBIE MATEMATHIECKIE YTBEPIK ICHIS.
BenomoraresbHble HCTHHHBIE MATEMATUIECKUX YTBEPXKIeHUsI Ha3bIBAIOT AEMMAMU,
NPEOAOHCEHUAMU T TIPOCTO YIMBEPHCIEHUAMU.

HcruaHoe yTBepXKIeHre HAa3bIBAIOT KPUIMEPUEM, CJIA OHO UMEEeT BT

Vo (A(x) < B(x)).

Kpurepun ycranapmBaioT HeOOXOIUMOE U JIOCTATOYHOE ycjioBue B(x) /i BBITOTHEeHUS
yesoBust A(z) uiam, 910 TO ¥XKe caMoe, yCTaHABJINBAET SKBHBAJCHTHOCTD ONpe/eeHnii A
u B. Hanmpumep, B MaTeMaTH4eCcKOM aHajm3e Kpurepuit Ko ycranasiuBaer 9KBUBa-
JIEHTHOCTD CXOJIAIMUXCA U (PYHIAMEHTAJIBHBIX TI0CJIEI0BATETHHOCTENA.

PaccmoTpuM yTBepKIeHUsd BUIA

Va(A(x) — B(x)) (1)

Yenosue B(x) siBisiercss Heobxodumvim 1ist Bbinosnerust A(z), a ycinosue A(x)
SBJIsIETCST 00CMAMOYHbLM I BhinoHeHus1 B(x). Yemosue A(x) camrarecs: Gosee
cuavHvim, yeM B(z), a B(x) cauraercs 6osee caabvim, dem A(x).

CMBICJI 9THX ONIPEJICJICHNUI BBITEKAET U3 OIPEJIeJICHIs NMILIMKAIMN, HATOMHIM 9TO
ypasuenue (1) Ha s3bike MHOKecTB o3Havaer, uro A C B, rae A u B MHOXKeCTBa,
coorsercrByiontue npeaukaraMm (A = {x | A(z)}). Orcioga BeITEKAET, ITO yCI0BHE
B(x) BbmosiHsiercs Beerja, korja poinosHsiercs A(z), orciooma A(z) — mocrarodnoe
ycroBue; ecu yesoue A(x) BBIIOJHsIETCS, TO BCEra BbIOIHsAeTCst u B(x), orcioaa
B(x) — neobxonnmoe ycaoBue. Yeaosue A(x) canraerca cuiibiee yciosus B(x), moTo-
My UTO BCE YCJOBHs, KOTOPBIE CJIEJIYIOT U3 BBIIOJHEHNUsI B(T), TakyKe CJIeIyoT U U3
BoimoHeHnst A(x):

{C(2) | Vo(A(z) = C(2))} 2 {C(z) | Va(B(z) = C(z))}.
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Ormernm TakKe, 9To B ciaydae TeopeM Buna Va(A(x) — C(z)) u Va(B(z) — C(x))
BTOpasl TeopeMa CUUTAeTCsl CUJIbHEe [IePBOii, oTOMy 4TO B Hefi yesosue C(x) ciemyer
u3 Gostee caboro yenosust B(x).

3.3 JlokazarejibCTBa

Zloxa3zamensbcmaeo — 3To JIOTnYecKoe pacCcyKIeHre, KOTopoe yOeXK1aeT B BepPHO-
CTH MaTEeMaTHIECKOTO YTBEPKICHUS JIIOOOr0 HEMPEIB3STOTO CJyIaTeist (TuTaTesis).
Y JloKa3aTebcTB ecTh (bopMaJsibHOE OIpeJie/ieHne B MaTeMaTHYeCKO JIOTUKE, HO OHO
TpedyeT BBeJleHNEe (DOPMAJIBHBIX CUCTEeM U (PaKTUIeCKN TaKWe JTOKa3aTeJbCTBa HEIpo-
BepsieMbl YesIOBeKOM. MareMaTuku JI00AT MOJIB30BATHCS MPUBEAEHHBIM OIUCAHIEM
JIOKa3aTe/IbCTBA, HO B yTUJIMTAPHOM CMBbIC/IE OHO cyiabo rojgutcd. OTKy/ia mepBOKypC-
HUKY 3HaTbh, yOeJsdT Jin ero apryMmenTs akajgemuka? [losromy momumo dumocodckoro
OIMCAaHUA, MBI JIQJIUM €Il U yTUJIUTAPHOE, HO JIJIsi 9TOTO HaM IOTpeOyeTcss CHavaJsIa
OIICATh JIOTUYECKUIT BBIBOJ,.

JIorn4yeckmuii BbIBO

[TpescraBbre, 9TO M3BECTHA UCTUHHOCTD yTBepKAeHuit A u A — B. V3 31010 MoxKHO
cpa3y 3aKJIIOYNTh UCTUHHOCTH YTBEepkKAeHus B, Besib eciin B J10:KHO, a A UCTUHHO, TO
nvitukanusg A — B joxknua. B dopmaibHOil loruke y 3TOr0O mpaBuiia €CTh CBOE MMsI
(Modus Ponens), a y mpaBust BbIBOjIa €CTh CIEIUATbHAS 3aIUChH:

A A—B

- (M.P.)

3ammch THTEPIPETUPYETCsT TaK: €CIN JTOKA3aHO TO, YTO BBIIIE YePThI, TO JOKA3aHO 1
TO, UTO HUXKe 4epThl. 110 aHajornm ¢ uMILImKaIeii, To 9T0 BbIIIe YePThl HA3bIBAIOT
ITOCBIJIKOM, & TO UTO HUXKe — 3aKjodeHrneM. Mbl He OyIeM yIe/aTh BHUIMAHUE Pa3HbIM
IpaBHJIaM BBIBOJIA U aKIIEHTUPOBATH BHUMAHUE Ha TOMN 3aIlMCU — MBI IIPUBEIN UX 3JI€Ch,
9TOOLI OMCATL ODIINE UJIICH.

[TepBast cocTouT B TOM, 9TO €CJIM M3BECTHA UCTUHHOCTH KAKOIO-TO CJIOZKHOTO (CO-
CTaBHOI'O) JIOPUYECKOTO BBICKA3bIBAHMUsI, TO UCIIOJIB3Ys IPeodpasoBaHus (DOPMYJI UK
JIOTUYECKHE PACCYKJIECHUS MOYXKHO JIOKA3aTh UCTUHHOCTD WJIU JIOZKHOCTD YacTeil 9TOro
BBICCKA3bIBAHMUsI, BILUIOTH JI0 9JIEMEHTAPHBIX BBICKA3bIBAHUIT (JIOPMIECKUX MEPEMEHHbIX ).
Hampumep, mycTh m3BECTHO, YTO CJIEIYIONIEE BbICKA3bIBAHUE UCTHHHO

(mA)A(AV B) (2)

Orcioma cpa3y CJeyeT, YT0 UCTUHHBI OllepanIbl Konbloukmun: 7A u AV B. U3 uctun-
HOCTH IIEpBOro ornepana caemyer, 9ro A = 0, a u3 370ro (hakTa ¥ UCTUHHOCTH BTOPOTO
onepan;ia ciaeayer B = 1. B mporiecce perienus 3ajia9 U JIOKa3aTe/IbCTBA TEOPEM, HE
00s13aTeTbHO M3BECTHA HCTUHHOCTD CJIO?KHOT'O BBICCKA3bIBAHUS, KaK ITPABUIO U3BECTHA
HNCTUHHOCTb HECKOJIBLKUX (haKkTOB, Hampumep —A u AV B, 13 KOTOPBIX MOXKHO COCTAaBUTH
CJIOZKHOE BBICKa3bIBaHUe (2) M ¢ MOMOIIBIO JIOTHIECKUX IIPe0Opa30BaHuii Oy YUTh
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Pe3yJIbTaThl, KOTOPbIE MBI TIOJIYYUJIM, HO B TO K€ BpPeMs MOXKHO U He COCTaBJIATH (Pop-
Mysy (2), a HCIIOJIB30BTH JIOTHYECKOe paccykienne. [losTomy B JI0ruke, moJry9eHHOe
HaMU [IPABUJIO BBIBOJIA 3aIMCAIN ObI TaK:

A, AVB
— .

OTMmeruM, YTO 3TO MPABUJIO BBIBOJIA, KAK W MHOTrHe JApyrue, cojautcad kK Modus
Ponens: AV B=-A— B.

dopmajIbHO 3allliCh

A, Ay, A,
B

O3HAYAET, YTO

Ecnu u3BecTHO, 9TO BCe yTBEpKeHUs A; HCTUHHBI, U UCTUHHO yTBEp:KIeHue (3),
TO 31U (BaKTHI B COBOKYITHOCTHU BJIEKYT (JIOKA3BIBAIOT) UCTHHHOCTH yTBEPKIeHusT .

B sr0it wacTu jlekimn Mbl HCosib30Ban GhopMmy (hOpMyIIbI 3aECH JIOMHIECKOTO
BBIBOJIA), YTOOBI PACKPBITH CyTh. [Ipu JoKasarTebcTBe Ha KayKJIOM Iare y Bac eCTh
MHOKECTBO (CIIMCOK) MCTUHHBIX yTBepxKJeHuit. JacTb u3 Hux Gepércs u3 ycjoBust
JIOKA3bIBAEMOI'0 yTBEPKJIEHUs, YaCTh — (PAKThI U3 KypCa, & KAKYIO-TO YacTh BbI y2Ke
Jokazasu. Vcemosb3yst Jlorndeckue paccyKienusi (rpeobpa3oBaHus, JIOTHIECKUE TOXK e
cTBa, TabJIMIBl HCTUHHOCTH) BBl MOKETe JIOKA3aTh MCTHHHOCTH HOBBIX DACCYZK/ICHUN, U
PACIIIPUTH T€M CAMBIM 3TOT CIIACOK. PACIUPATh CIIMCOK HYZKHO JI0 TeX TI0P, TTOKa B HEM
HE OKaXKeTCd JIOKa3bIBaeMoe yTBepzKienne. ONuCaHHbIi IPOIECC U ABJISETCH HAIIIM
mpebosaruem K doxazameavcmeam. llpu pabore ¢ jokazaresbcTBaMu (pereHnn
3aJ1a9) Hy?KHO CJIeJIOBATH CyTH 9TOIO MeTojia, a He (DOpMe 3alliCH JIOTUIECKOTO BBIBOJIA,
KOTOpas BTOPUYHA.

[IpuBeiém mpumep.

ITpumep 6. Anucy, Beanamuna n Ceprest BbI3BAIH K JTUPEKTOPY, MMOTOMY YTO KTO-TO
13 HUX Ha IepeMene pas30oui okHo. AJjnca ckasaJja, 9TO HU OHa, HU BeHmaMuH OKHO He
pasouBaiu. Bennamun ckasas, yro Asnca He pasOuBaJia OKHO, a 910 caenan Cepreit, a
Cepreii ckazaJji, 9TO OH He pa3duBa/l OKHO U OKHO pa3dmia Amca.

JlupekTopy M3BECTHO, YTO POBHO OJMH IIKOJBHUK CKa3aJl IpaBiLy, APYroii cojrail B
KazKJIOM U3 YTBEpPKIEHNH, a TPETUil a1 OJHO HCTHHHOE, & JIPYTOe JIOKHOE YTBEPIKICHIE.
Ko xe pazomi okHo?

Pemenune. Oboznaunm qepes A, B, C' BbicKasbiBaausa «Ajmca pa3buia okHO», «Benn-
aMUH pa3omi1 okHO», «Cepreil pa3dua okHO». TOIHO M3BECTHO, YTO UCTUHHO BBICKA3bI-
BaHUe

AvBvVC.

Cpesin cJieIyIoNux BbICKA3BIBAHUN UCTUHHO POBHO OJIHO, €I¢ B OJHOM HCTUHEH
POBHO OJINH KOHBIOHKT, & B OCTABIIEMCsI JIO?KHBI 00a KOHbIOHKTA'

—AN DB, —ANC, -C' A A.

[Ipemnosoxum, aro Asmca ckazasia mpaBiy. Toraa NCTUHBI BhICKa3bIBaHUs —A 1
= B. [lonyuaem orcioga, 4To oKHO pas3doua Cepreii:

~A, -B, AVBVC
. .
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Ho st0 HEBO3MO2KHO, ITIOTOMY YTO TOI'la Benmamun Toxke ckasalr IpaB/ay:

—A, C
-ANC .

[IpennonoxkuB, 4TO MpaB/ly ckKazal BenmaMuH, TakKe MOJTyYIUM, 9TO OKHO Pa3OMI
Cepreit, m Ayca ToxKe cKazaJja MIpaBiy, ITO HEBO3MOKHO.

[Mosryaaercs, aro npasiy ckasasn Cepreit u okHo pasbuia Asmca. Ha sTom perrenne
MOZKHO OBLJIO Obl 3aKOHYUTH, IIPU YCJIOBUH JIOBEPUs K COCTABUTEIO 3a1a4u. K ObITh
bopMaIbHBIMI JIO KOHIIA, TO HY?KHO IIPOBEPUTH OCTaBINUECs yeaoBus. Zlcao, aro Aca
COBpaJIa HAIIOJIOBIHY (DOBHO OJTHO W3 €€ BBICKA3bIBAHWI MCTUHHO), a BeHmaMuH coBpai
B KayKJIOM M3 yTBEPIKJIEHUII. O]

SamMeTuM, UTO ec/IM 3aIrcaTh YCJI0BHEe TPUMEPa € TIOMOIIBI0 (DOPMYJIBI, TO OHA TOJTY-
YUTCS OY€Hb JTMHHON, W MPUIAETCS MYYUThCs ¢ €€ ympolnenneM. [Ipu gmokasarenbcTrBax
cJIeJTyeT UCIOJIb30BATh JIOTUKY TI0 CYTH, & He TbITaThCAd BCE (hOpMaIM30BaTh U3JIUIIHE,
€CJIU 9TO IyTaeT JeJIO.

[Toropum, uTo Hamu TpeOOBaHUS K JIOKA3ATEIbCTBAM (DEIIEHHUsIM) OTHOCSTCS K
cyTH, a He K dpopMme. TeKCcT HA eCTeCTBEHHOM A3bIKE, YJIOBJIECTBOPAIONINI UM, HUIYTh
He XyzKe (a JacTo Jydiie), yeM HaOGop GopmylI ¢ maramu BbiBojga. Ho npu Hammcanun
TEKCTa HYKHO IIOHUMAaTh, KAKUe YTBEPXKICHUS B HEM JIeJIAI0TCs, U KaKas MeXKIy HUMH
JIOTUYIeCKasl CBSI3b; MOJIE3HO ITOMOraTh cebe U IUTaTe 0 J0KA3aTeIbCTBA, SIBHO BBIIEISIS
BCIIOMOI'aTeJIbHBbIC YTBEPXKJICHUA.

Korma MHOTO JI0Ka3aTeIbCTB UCIIOJB3YIOT OJHY U TY K€ CTPYKTYPY (OMUparoTcst
HA OJIMHAKOBYIO TaBTOJIOIMIO), BBIJIEJSIIOT METO/I JIoKa3aTebcTBa. Mbl Iepexonm K
[IEPEINCIEHNIO PA3JIMIHBIX METO/IOB J0KA3aTeILCTB M IPUMEpPaM MX IPUMEHEHUS.

Kourpamnozumus

3akoH KOHTPAIIO3UIM OCHOBaH Ha TaBTOJIOT'UU
(A — B) < (=B — —A).

Ou racut, 9To yrBepKiaeHne A — B paBHOCHIBHO (KOHTPAIIO3UTUBHOMY) yTBED-
Kaeanto ~ B — — A, mosToMmy ecyi TpebyeTcst JoKa3aTh epBoe, BMECTO HErO JJOCTATOTHO
JOKa3aTh IOCJIeTHEE.

CMbICT 3aKOHA KOHTPAIIO3UIINKA CTAHOBUTCSA ICHBIM IIPU IIEPEXO0/IE Ha S3BbIK MHOXKECTB
(kak u ero crpaseuBocTh): A C B Torja u TOJIbKO TOT/a, KOria B C A

[IpuBeiéM IpUMEp €ro UCIOTHL30BAHU.

VYreepxkaenuue 1. Ecau wucio v uppayuonassho, mo U 4ucao /T uppayuonaibHo.

JlokazareabcTBO. BOCI0/1b30BaABIINCH KOHTPAITO3HUITHEH Oy IUM PABHOCUIBHOE YTBEP-
2KJIeHUE:

«Ecm aneno /1 panuoHanibHo, TO MUCIO0 T PAIMOHATIBHO. »
DTO yTBEPKJICHNE JOKAZATH HETPY/IHO: €CJIA YUCIO /T PAIMOHAIBHO, TO /T = =,
2
OTCIO/la 1" = "5 W MOJIyYaeM, ITO UC/IO 7 PAIMOHAIBHO 10 OIPE/Ie/ICHHIO. 0
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Nuaykmus

OTaenbHY0 CI0KHOCTD Y CTYJIEHTOB (YBbI, HE TOJBKO MEPBOKYPCHUKOB) BBI3BIBAIOT
JIOKa3aTeJIbCTBA 110 WHYKIIAH.

JlokazaTebCTBO 110 MHILYKITMH BO3MOYKHO TOJIBKO TOT/IA, KOTJIa JJOKAa3bIBaeMOe yTBep-
JKJIEHWE 3aBUCUT OT HATYyPaJbHOIO IapameTpa. 10 ecTh JJOKa3bIBACTCA yTBEPKICHUE

Vn € Ny : A(n).

C HOMOIIIBIO TIPABHJI BBIBOJIA CXEMY JIOKA3aTe/IbCTBA 110 WHJLYKIIMH MOYKHO OIHCAThH

TaK:
A(0),  Vn (A(n) — A(n+1))
VYn A(n)

[TepBag nmocblLIKa HA3bIBAETCst 6A30T, & BTOpasi — WtA20M UHIYKIUE WA NePEeT000M.

Bamernm, 9TO B CIyUae yTBEPIKICHHIT, 3anncaHHbIX (hOPMYJIOii ¢ KBaHTOpaME (Takue
dbOpMyIIBI HABBIBAIOT GOPMYJIBI IIEPBOTO MOPSAIKA), IPOBEPUTH UCTUHHOCTH Y TBEPIK ICHUS
He Beerja 1pocro. ONUCAHHYIO ¢ HOMOIIBIO BBIBOJIA TABTOJIOTHIO

A(0) AVn (A(n) — A(n+ 1)) — Vn A(n)

GO MPUYUCIISIOT K AKCHOMaM (yTBEPK/ICHHUSAM, HCTHHHBIM [0 OIPEIEICHHIO), 160
BBIBOJIAT U3 JPYIUX aKCuoM. [109TOMY IIPOCTOro 1 JIOCTATOYHO CTPOroro 060CHOBAHMUS
MeTOJIa MaTeMaTHIecKol HHIYKIUK JaTh He nostyantces. HedopmasibHoe obocHoBaHUE
MeTo/ia hAKTHIECKH OIUPAETCsl Ha CaM METOJI: ICHO, uTo ecyu yrBepxieHus A(0) u
A(0) — A(1) uctunnbl, To o M.P. moayuaem, aro u yreepxaenne A(1) ucrunto, a
Jlaiee 1o WHIYKIMA, T. €. Tpu (GUKCUPOBAHHOM n 1 ucTuHHbIX A(n) u A(n) — A(n + 1)
nostydaeM UCTHHHOCTD A(n + 1).

ITpumep 7. /Ina kaxjoro mesgoro n > 0 crpaBeJInBO
143+5+-+(2n—1) =n

HHokazarenbcTBo. O603HATNM JT0Ka3bIBAEMOE PABEHCTBO depe3 A(n) u JOKayKeM ero
1o wHyKinun. OroBopuMcest cpasy, 9To 6e3 orpaHndeHust OOIHOCTU MOXKHO CUUTATh,
470 6a3a HAIMHAETCS HEe 00A3aTeIbHO ¢ HyJIsl, KAK B 9TOM IIPUMEPE, TIOTOMY 9TO BMECTO
JIOKA3aTeILCTBA CIPABEJINBOCTU yTBepKIAeHus A(n) ¢ eJIUHUIBI MOXKHO OBLIO ObI
JTOKa3bIBaTh yTBepKaenue B(m) = A(m + 1) ¢ myms.

Baza: npu n = 1 yreepxkaenne A(1) yTeepxkimaer pasenctso 1 = 12, koropoe
cripaBe ymBo. JlokazkeM mepexof; yreepxkaenne A(n + 1) rimacut

1+34+54+--+2n—-1)+@2n+1)=(n+1)>
Cuuras yTBepKIeHNIE A(n) BEPHBIM, ITOJIYyYaeM HEIIOYKY PaBEHCTB

1+3+5+--+2n—-1D)+2n+1)=n*+2n+1=(n+1)%

J

TV
=n? no yreepxkaenuio A(n)

KOTOpast JIoKasbiBaer yreepxKaenne A(n + 1). ]

BoJiee 1opobHOMY N3JI02KEHNIO HH/IYKIMN U CBSI3AHHDBIX C HEIO IpobsieMaM HOCBs-
IeHa TepBas ryiaBa KHurn |1].
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OT nmpoTmBHOTO

MpsrI osiaraeM, 9TO €Cau yTBepKIAeHHe B UCTUHHO, TO OHO HE MOKET ObITh OJHOBpE-
MEHHO JIOYKHBIM. EC/In Ipeno0KuTh, 9T0 yTBepKAeHne A JI0XKHO U ¢ IOMOIIBIO HEro
JIOKa3aTh, 9TO JIOXKHO YTBEp:KIeHne B, To ecTh H0Ka3aTh HCTUHHOCTH ~A — =B, T0 B
caydae, ec/in yTBepKjieHne B UCTUHHO, yTBepKIeHne A He MOXKeT ObITH JIOYKHBIM —
nHadve ObI MBI TIOJIYYININ UCTUHHOCTD B u = B. OTciofa BEITEKAET CII0Co0 JI0Ka3aTe/IbCTBa
OT IIPOTUBHOT'O, KOTOPBIN MOXKHO OITHCATH KaK

—|A—>—|B, B
1 .

KﬂaCCI/I‘{eCKI/Iﬁ IpUMEP TaKOI'o J0Ka3aTe/IbCTBa — UPPAITUOHAJIBHOCTD YHCJIQ \/§
JTokazaTeabcTBO. J10KA3aTeIbCTBO OT IPOTHBHOTO. [100KIM, 4TO /2 = oorae
HecoKpaTuMas Japobb, m € Z, n € N;. Torna m? = 2n?, orciona m? neqmres na 2, m m
Jle/IUTCs Ha 2, 3HaYuT m? JeauTcd na 4, u orciona n? jJeguTcs Ha 2 U n JIeJInTced Ha, 2.

m

Ho rorma u m nemmrest Ha 2 u n ge/mTes Ha 2, a 3HAIAT APOOb 7 COKpATUMA, TIPUIILIA
K IIPOTUBOPEYNIO. [

ITpumepbl 1 KOHTpOpPUMEPHI

B cayuae eciim yrBepkaenne umeer Bug 3x ¢ A(x), ero MOXKHO JJOKa3aTh, IPUBEIS
npumep (1 J0Ka3aB CrpaBe[JInBOCTh 9TOTO MprMepa). PaccMOTpuM yTBepzK IeHue:

E'TLEN[):\/EGR\Q,

TO €CTh CYIIEeCTBYeT HaTypaJbHOE YHUCJIO N, KOPEHb U3 KOTOPOI'O — UPPAIMOHAIBHOE
YUCJI0. DTO YTBEPKJEHUE OYEBUIHO BEPHO, U JIJIs €r0 JI0Ka3aTe/bCTBa JTOCTATOYHO
IPEIBABATD YHCI0 N = 2 U JOKA3aTh HPPAIMOHAIBHOCTD IHCIA v/ 2.

PaccmorpuM Tenephb yTBepKIeHNE

VneNy:vneR\Q.

DTO yTBep:KJIEHHe, OYeBHUIHO, HEBEPHO: JIOCTATOYHO B3ATh N = 4 U MOKA3aTbh, UTO
V4 =2 € Q. Jlist onpoBepIKeHns yTBEPIKICHHS ¢ KBAHTOPOM Beeobumoctu Va : A(z)
JIOCTATOYHO TPUBECTH KOHMPNPUMED, T. €. IpuMep &, jijisg Koroporo A(x) = 0.

Bamernm, 9To JIsT TOKA3ATEIbCTBA yTBEP:KIeHnil Buna Vo : A(x) omHOro mpumepa
He jocratodHo. [laxke ecin yrBepxaerne A(x) BepHO IPU KAKOM-TO T UJIH OY€Hb MHOTUX
T, JazKe ecau X OECKOHEYHO MHOTO, OTCIOJIA €IIE He BBITEKAEeT, YTO yTBepxkKaeHue A(r)
BEPHO TIpH BcexX x. Kcym Bce & He TPOBEPEHBI, TO BO3MOXKHO CPEJIN HE PACCMOTPEHHBIX
ectb KoHTprpuMep. Ho kak mpoBeputh 6eckoHedHo MHOTO 7 BOT HECKOJILKO PEIenToB.
[IpoBecTn 0Ka3aTenbCTBO yTBEpKIeHus A(x), KoTopoe He 3aBucuT OT BbiGopa . Eciu
x mpoberaeT cY6THOE MHOXKeCTBO 3HadeHuit (1. e. Ny WiIn JIpyroe MHOXKECTBO, 3JIEMEHTHI
KOTOPOTO MOXKHO 3aHyMepPOBATh HATYPATBHBIMI YUCIAMH), TO MOKHO BOCIIOJIb30BATHCS
uHAyKImeil. Bocmoib30BaThest METOIOM JIOKA3ATEIBCTBA OT MIPOTUBHOTO: TIPE/IIOIOKNATD
Jz : = A(z) u UpuUiTH K TPOTUBOPEIHIO.
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HekoHcTpyKTUBHBIE /T0Ka3aTEJIbCTBA

Yreepxkaenue Buja Jx : A(x) He 00s13aT€IbHO JIOKA3BIBATH MPUBO/IS TIPUMED, XOTsI
9TO OYEHDb KEeJIATEJHHO, €CJIN TAKOBON MMEETCsl — HaJIMIUe TTPUMepa WM KOHTPIIPUMe-
pa Jiydiie Bcero yoeskjiaeT B CIIPaBeJIMBOCTU yTBEP:KIeHUs. BpiBaeT Tak, 9T0 camo
YTBEPKJIEHNE J0Ka3aTh MIPOIIe, YeM HalTh IIPUMEP U MBI IIPUBEJIEM 3/IeChb TaKOe JOKa-
3aTeJIbCTBO.

Vreepxaenue 2. Cywecmeyom uppayuonaivhvie wucaa a u b, maxue wmo wucao a’

PAYUOHANDHO.

JokazaTeabcTBo. LlooxuM, uro a = b = v/2. Eciu unciio (\/5)‘/5 PaIOHAJILHO, TO
yTBeprKIenne Jokasano. BEciu mer, 1o BosbMéM a = (V2)V2, a b = /2:

/32 v (\/5)(\/5“/5)

= (\/5)2 =2.

To ecThb, MMOO OJXOIUT OJHA TTApa YUCEJI, JIMOO JIpyrasd, a Kakas U3 — Mbl HE 3HAEM.
OOBIYHO HEKOHCTPYKTHBHBIE JIOKA3ATE/IHCTBA IPUBOJIAT B HEKOTOPOE 3aMelaTe b-
CTBO, OCOOEHHO TIPHU MTEPBOM 3HAKOMCTBe. Pa3bepémMcst co cTpyKTYpoit JJoKa3aTeIbCTBa,
dopman30BaB paccy K IeHus.
Camo yrBepkerne nmeer Buj Ja, b : A(a,b). Mbl mpesmonokmim cHavaia, aTo
crpaBeInBo yTBepzKienne A(y/2,1/2), eciu e OHO HEBEPHO, TO MBI JOKA3AJIM, YTO
orciona seiTekaet yrepzenue A((v/2)V2,v/2). To ecTb Mbl JI0KA3AIN yTBEPKICHIE:

—A(V2,V2) = A((V2)Y2,V2).
[lepeiijis OT UMIIMKAITIY K I3 BIOHKIIAH, Oy IaeM
A2V VAV, V).

JlokazanHasi JTU3BIOHKIMA OYEBUJIHO BJICUYET JIOKA3bIBaEMOE yTBEpKJieHue Ja,b :

A(a,b). O

3.4 TI'panuiibl IPUMEHIMOCTH

XOpOIIO U3BECTHO, YTO Y (PUBNIECKUX TEOPHUil €CTh I'PAHUIIBI TPUMEHUMOCTH: TIPU
OOJIBIIINX CKOPOCTAX 3aKOHBI HBIOTOHOBCKOIT MEXaHUKN CTAHOBATCS HEIIPUMEHUMBI, 1
TpedyeTcst UCIO0JIb30BaTh TEOPUIO OTHOCUTEILHOCTH, & B MUKPOMHUpE HY?KHA KBaHTOBASI
MeXaHUKa. YJIUBUTEIbHO, HO TPAHUIBI IPUMEHUMOCTH €CTh U Y JIOTUKU, & TOYHee y
TEOPUN MHOXKECTB. 3a J[Be TOCJIe/IHIE JIEKIINH BbI JIOJI?KHBI ObLIN yOEIUThCsI, ITO 9TU
00J1aCcT! TECHO CBABAHBI.

MpbI u3y4Ynin HAUBHYIO TEOPHUIO MHOXKECTB (He 3a00TUINCh 00 AKCHOMATHIECKIX
OIpeJIeIeHUsIX ), KOTOpast BOOOIIE TOBOPsl HEBEPHA, M B KAYECTBE WJLIIOCTPAIIUH ITO-
0 JacTo IPUBOJAT mapajgokc Paccesa, n3BecTHBIN TaKKe Kak IapaJioKc bpaobpest,
KOTODPBII 3BYYUT TaK.

Ectb jiepeBHsI, B KOTOpOil OpeeTcsd KaxKJblii MyzK4una. [Ipu srom Jimbo KarkIbrit
MyzKanHa Gpeercs caM, b0 ero OpeeT eJIMHCTBEHHBI B JiepeBHe 6paobpeit (napuk-
maxep). Takum obpaszom, Gpajiobpeil 6peerT TeX U TOJBKO TEX MYKYWUH, KOTOPBIE HE
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operorcs camu. [lapajoke cocrout B ToM, 9T0 Opeer jm cebsa 6pamodpeit? Eciu ma, To
oH OpeeTcs caM, 3HAYUT Opa100peit, TO ecThb OH ¥Ke, OpUTh ceds He Jgo/KeH. Ecim oH He
Opeercd caM, TO ero obg3aH OpuTh OpaIobpeii.

Ha s3bIK Teopun MHOXKECTB 9TOT HapaJIokc mnepepoautrcs Tak. «Comep:kut jin cebs
MHOKECTBO, KOTOPOE COJIEP:KUT B KAaUeCTBE dJIEMEHTa KarKJI0e MHOXKECTBO, KOTOpOe He
coziepKuT cebst (B KadecTse sjiementa)?» U B cirydae orBeTa «Jay, U B CJIydae OTBETA
«HET» TMPUXOAAM K IPOTHUBOPEIUIO.

Kak ke Ham BecTH J10Ka3aTeIbCTBA, €CJIM MbI UCIIOJIb3yeM HAUBHYIO TEOPHUIO MHO-
JKeCTB, KOTOpasi BOOOIIe TOBOPS MPOTUBOpeUnBa! XOPOINe HOBOCTH COCTOSAT B TOM,
YTO ¢ MOMEHTa OOHapy:KeHHsI IIpodJeM, MaTeMaTUKA 3aHUMAJIUCH (hbopMan3aiueit
TEOpUN MHOXKECTB, paspaboran HGoOpMaTbLHYIO JIOTUKY, U Mbl MOXKEM HCIOJIb30BaTh
IJIO/IBI UX TPYJIOB JIJIsl HAIUX CKPOMHBIX Ieseit. Kak BuiHO, mpobjeMbl mapaoKca
HAYMHAIOTCST KOTJIa Mbl DACCMATPHBAEM HEOIDAHMYEHHbIH IOHUBEPCYM (MHOKECTBO BCEX
MHOXKECTB B IpHHIWIE). B HaIUX paccy’KIeHUsAX Mbl BCIOJY Oy/eM UCIIOJIb30BATH
OrpaHUYEeHHBIE U JOBOJHHO CKPOMHBIE (IO MOIHOCTH) I0HUBEPCYMBI. [TosTomy moxos
K JI0Ka3aTeJIbCTBaM, IPUHSITHIA B HAIIEM Kypce Oe30I1aceH JIjisd HaIX Iesei.
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Jlekninga 4

I'pacdpnr 1. 1IpocThie
HeopUeHTUPOBaHHbIE I'Padbl

Ilaan:

—_

. Ompenenenne HEOPUEHTUPOBAHHBIX I'PadOB

2. Crerntenb BepmnHabl. CyMMa cTelleHel BEPIIH — yIBOCHHOE KOJIMIECTBO PEOED.
e Yuco Jioseil, caeaBmnX HEIETHOE THMCJIO PYKOITOXKATHUI, IETHO.

3. Teoperuko MHOXKecTBeHHBIE oneparuu ¢ rpadamu. Oupeaenenne moarpada

4. Omnpejesienne myTeil u MUKJIOB (depe3 moarpadbl)

5. Cessnble rpadbl 1 KOMIOHEHTBI CBA3HOCTH (dYepe3 moarpadnl)

JIureparypa: [7], [3], [1]

MagI nepexonM ceifdac K U3y4IeHnto rpadoB 10 ABYM IpuduHaM. Bo-1mepBeIx, rpadbl
MJLTIOCTPUPYIOT KaK MOYKHO JIEPKO BBECTH HOBBIE OIIPEJIEJIEHNUs] TOIb3YSICh AllllapaTOM
TEOpUN MHOYKECTB, & BO BTOPBIX Ipadbl — MIPEKPACHBIN MOJUTOH I YIIPayKHEHNUH B
JIOKa3aTe/IbCTBaX.

Hedopmasibao omnpejenenne rpada Jerko 00bsCHUTH C IMTOMOIIHIO0 KapTUHOK: Ha-
pHCyeM TOYKH, COEINHUM UX JUHUSIMHA U MOJyInM TeM caMbIM rpad. Cpasy HYzKHO
OTOBOPUTBCsI, UTO MEpecevdeHns] JIMHUI CMBICJIa He HECYT W TO, 9TO MbI COE/IMHSIEM
JIMHUSME TOJIBKO Pa3Hble TOYKH, U KayKIyI0 [apy TOYEK COeIuHsieM JUHueil He OoJiee
OJIHOT'O pasa.

[Toustue rpada Jjerko opMaan30BaTh ¢ MOMOIIBIO TEOPUH MHOXKECTB. TouKn
06pas3yoT MHOXKECTBO 8epwuHr V (IpOU3BOJIBLHOE MHOMKECTBO JIIOOON MPUPOJIBI), a
auHuE (BOPMAJIU3YIOTCS KAK €ro JIBYX3JIeMEHTHbIE MOJMHOXKeCTBa {u, v}, KOTOpbIe
obpasyroT MHOKecTBO pédep E. IlockoybKy B Kazkji0e pedbpo COCTOUT POBHO U3 JIBYX
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9JIEMEHTOB, TO HeT PEOGep M3 BepIuHbl B cebs, oHn ObI nuMesn B {v}, Takue pédpa
HAa3BIBAIOTCA MEeMAAMU; TOCKOJIBKY MHOYKECTBO COJICPKUT KaXKJIbIil 3/IeMeHT He HoJiee
OJTHOTO pa3a, TO JIByX PEOEp MeKJTy OJHOI U TOil yKe 1apoil BepInH ObITh HE MOXKET,
Takue pédpa HA3BIBAIOT KPATMHBMU NI NAPAAAEADHBIMU .

Beeném Bciomorarenbaoe obosnatderune. Ob6o3nadnM vepes (’;) BCE JIBYX3JIEMEHTHbIE
MIOJIMHOYKECTBA MHOXKECTBa A, T. €.

A

5 = {{a,b} | a,b e A, a #b}.

Dopmanusyem onpegenenne rpada. (IIpocroit, HeopuenTupoBanusiit) epagp G —
COCTOUT U3 MHOXKecTBa eepwur V u pébep E C (‘2/), dopmasbHO, rpad —3TO yropsi-
nmouennas napa G = (V, E). Byaem cebliaTbest Ha MHOXKECTBO BEPIIIH U MHOYKECTBO
pébep rpada G uepes V(G) u E(G), naxe eciu npu onpejienennu rpada G MHOKeCTBa
BEPIINH U MHOXKECTBO PEGep ObLn 0603HaYeHbI ApyruMu OykBamu. FKcam MHOXKecTBa
BepmuH V' u pébep E 3asmanbl, To rpad Ha Hux oboznavar G(V, E), 510 0603HAUEHIE
HCIIOIb3YIOT TaKKe 9TOOBI OBICTPO BBECTH MHOYKECTBO BEPIIUH M MHOYKECTBO DEOEP
rpada: 3ammcs H (W, I) osnagaer, uro W =V (H),I = E(H).

Eciiz He oroBopeno npoTtuBHOTO, TO 10,1 IPadOM MBI TIOHIMAEM MIPOCTONH HEOPHUEH-
TupoBaHHbIil rpad. IIpocmoti o3Havdaer, uTo B rpade HeT eTeb U KPaTHBIX PEdep,
a HeopueHmuposarHHuiti, 9To péopa rpada He UMEIOT HalnpasieHuil. B ciaydae ecin
3aMEeHHUTH B rpade JIMHUK Ha CTPEJIKU, T.€e. PeOpPO — yIopsi0oueHHas apa BePIINUH, TO
[OJIYIUTCS OPUEHMUPOBAHHBLT 2pad. 3aMeTnM, 9TO MHOXKECTBO BeplinH rpada Mo-
JKeT BOOOIIE TOBOPst OBITH OECKOHETHBIM UJTH ITYCTBIM, HO €CJTH HE OTOBOPEHO IIPOTUBHOTO,
TO MBI CINTAaEM, 9TO MHOYKECTBO BEPINNH KOHEIHO U HEITYCTO.

4.1 BepmuHbl, pedbpa cTeleHn BepInnH

Badukcupyem rpad G(V, E). Beplitbl « u v HA3BIBAIOTCST CMEHCHBLMU U COCE-
damu, ecin oHu 06pasytor pebpo: {u,v} € E. Pébpa e u f Has3bBaroOTCSI CMEHCHBIMU,
ec/i OHU UMeoT o0IyIo Bepimuny: e N f # . Bepmmna v unyudenma pebpy e, ecin
u € e. Bepmuab! u u v, UHIIUJIEHTHBIE PEOPY €, HA3BIBAIOTCS €ro KOHUAMU; TOBOPSIT,
910 € coedunsaem u u v. PEGpa 4acTo 3amuChIBAIOT COKPAIIIEHHO: Uy BMeCTO {u, v}.

CrerneHbio BEPIMHBI ¥ HA3BIBAETCSI YUCIO CMEXKHBIX ¢ U pébep u obosnadaercs d(v).

Teopema 1. Y d(u) = 2|E|.

ueV

HokazarenabcTBo. B sieBoit cymme pebpo {u, v} 6b1I0 MOICIUTAHO JIBA pa3a: OJIIH pa3
B ciaraeMoM d(u), a B Apyroil pa3 B ciaraemom d(v). O

N3 TeopeMbl cpa3y BbITEKAET CJIEYIONIEE CJIEJICTBUE:
CrnenctBue 1. B wmo0b6om epage wucro sepuwur HewEMMHOT cmenent 4Emmo.

HokazarenbcTBo. B npapoit wactu paBeHcTBa (M3 yCJIOBUS TE€OPEMBI) CTOUT YETHOE
qncsao. Berarem u3 obenx vacTeil paBeHCTBA BCE YETHBIE CTEIIEHU BEPIIUH ¥ MOJIYYUM,
4TO B JIEBOI YaCTU OCTajach CyMMa HEYETHBIX CTEIEHEll BEpINUH, a B IIPaBOil — 46THOE
qHUCJIO. [
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DT0 TpUBHAJILHOE CJIEJICTBUE HO3BOJISIET JIOKA3bIBATE CJIC/IYIOIIIE CTPAHHbIE YTBEp-
JKJIEHUS, TAKUE KaK «9UCJI0 JIIOJIEH B 9TOW ayIMTOPUH, MTOXKABIITUX C yTPa PYKU HEYETHOMY
qucsty Jojieil (B 9Toil ayuropun), 9€THOY.

4.2 bazoBbie rpadbl

[IpuBeaém npumepsb! rpadoB, KOTOPbIE BCTPEYAIOTCS B TeOpUr rpadoB TaK IacTo,
YTO HMOJIYIUIN COOCTBEHHBIE NMEHA.

———o —o—0o—o
Vo U1 (%) V3 V4
Py
C

rpad-3Be3/1a

Puc. 4.1. Bazossie rpadnt

I'pagp-nymov P,, n > 0 cocrour u3 Bepumn {vg, vy,...,0,} u pédep {v;, v}
Aauna nymu — 1o ducyio pédbep B myTH, KOTOPLIX B rpade P, poBHO n (m0o3TOMY
HyMepalius BepiinH rpada HaunHAeTCs ¢ HYJIs); BEpIINHA Uy HA3BIBAETCS HAYAAOM
nYymu, a BepInHa v, — KOHUOM nymu. 3ameTnM, 910 rpad Fy cocTonT m3 omHOM
BEPIIHBI U HE UMeeT pedep ¥ MOJIHOMPABHO cauTaeTcs myTéM jymHbl 0. Mbl HazbBaeM
rpadoM-TIyTéM JTI000it Tpad, MpeIcTaBUMbIil B OIIMCAHHOM BHJIE (IIPUPOIa MHOXKECTBA
BEPIIMH HAC HE UHTEPECYET), 9TO OTHOCUTCS U K OCTAJbHBIM rpadaM ¢ KapTUHKH.

I'pag-uyura C,, n > 3 cCOCTOUT U3 BEpIINH V1, ..., v, U pédep {v;, v;11}, a TakxKe
{vn,v1}. Kak u B cirydae myTu, JyimHa IUKJIa — 9TO KOJIUIECTBO PEGED B IUKJIE.

Hoanwti epagp K, (V,E), n > 1 coctout 3 n BEPIINH U UMEET BCEBO3MOYKHbIE
péopa: F = (‘2/)

I'pagh-36eda cocTouT U3 BBIJIEICHHON BEPIIUHBI, COEIMHEHHON péOpamMu co BceMu
ocTaJbHBIME BepiuHaMu (6osbie pébep B 3ToM rpade Her).

ITycmoti epag ve comepuT HA BepinwH, HU pedep: V = F = & u obo3HadaeTcs
Kak &. Bo Bcex yTBep:kieHnsix o rpadax Mbl mojaraeM, 9to rpad G He mycT; mycToit
rpad ya00HO UCIOJIB30BATh B (pOPMYJIax, HAIIPUMED, YTOOBI KPATKO CKa3aTh, 9TO I'padbl
G n H ne umeroT obmux BepiimH u pedep.
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ObpaTum BHUMaHME, 9TO €CJIU Ipad MOJANa aeT Mo/ OJIHO U3 OlpPeIe/IeHuil BBIIIe, TO
9TO BOBCE He O3HAYaeT, YTO OH He TOIMaJaeT 1oL Japyroe. Tak rpad-nyTh P; gaBigercs
ojtHOBpeMeHHO rpadom-38e3/10ii, a rpad-nuki C3, MPey2oabHuk, SBISETCT TaKkKe
OJIHBIM T'padom K.

4.3 TeopeTuKo-MHO>KECTBEHHbIE ONePaIun
c rpacdamu. Iloarpadnl

Orneparnuu 13 TEOPUU MHOXKECTB MEPEHOCATCH Ha rpadbl €CTECTBEHHBIM 00PA30M.
Ompenenum onepanun 00beIMHEHNE, TIepecedenne u JI0No/IHeHne TpadoB, ¢ MOMOIIHIO

rpacdos G(V, E) u H(W, I):

GUH=(VUW,EUl), GNnH=WVnW,EnI), G= (v, (‘2/) \E) .
Omneparun o6beMHeHns 1 epecevdeHus ONpe/Ie/IeHbl €CTECTBEHHBIM 00pa3oM, & JIOIMOJI-
nerne rpada G —3T0 MEHEMAJIBHBI Tpad G Ha TOM Ke MHOMKECTBE BEPIINH, KOTOPbIil
upu obbenunennu ¢ G Aaét mosHell rpad. [log MUHEMAIBHOCTBIO TIOHUMAETCST, ITO U3
G Hesb35 yIaJIUTh PEOGPO U MONIYIUTD rpady, KOTOPEIl B 00benHennn ¢ (G 1acT IIOJTHbII
rpad, 310 yemosue pasrocumbio E(G) N E(G) = @.

Ha pucynke 4.2 npumep TeOpeTHKO-MHOXKECTBEHHBIX OIEPAIUil CO 3HAKOMBIMU I'Da-
damu.

2 2 2
3©1 3%1 3@1
4 5 4 5 4 5

05 C15 K 5
Puc. 4.2. O6benunenne rpada 1 ero JOMOJHEHUS JIaéT MOJHbIA rpad

O6bemunus rpad C; ¢ ero jonosHenueM mnosaydaerca rpad Ks. Ilpu pabore c
TEOPETUKO-MHOXKECTBEHHBIMU OIIEPAIIASIMEI BaXKHO SBHO OIUCATH MHOYKECTBO BEPIITUH
kazk1oro rpada. Tak, ecsiu 661 y Broporo rpada Ha KapTuHKe BMecTo Beprma {1,2, ..., 5}
6oL BepimHbl {a, b, . .., e}, T0 B pe3ysibrare 06beIMHEHsI 0Ty 9UIICst ObI APYTOi rpad.
Takzxe HarmoMHuM, 4T0 0bO3HavUeHUs Bujia (), 0003HAYAIOT, YTO KAKON-TO rpad sBIgeTcs
rpadom-tmkiaom. Tak, rpad Cs na KapTuske spisercs rpacdom Cs — IPOBEPHTE 3TO
[IEPEHYMEPOBaB €0 BEPIIUHBDI.

Mpsr He omnpesenuin Ha rpadax TEOPETUKO-MHOKECTBEHHYIO OTEPAINI0 PA3HOCTH
(M COOTBETCTBEHHO CHMMETPHYECKYIO PA3HOCTD), MOTOMY YTO B 3aBHCHMOCTH OT HY KT
TpebyeTcst OO yIasiTh U3 OJHOrO rpada peédpa JPyroro BMeCTe ¢ BEPIIMHAMHE, JIHOO
BEPIHINHBI HY2KHO OCTABUTD; YTOOBI HE OBLIO Iy TAHUIIBI MbI OYIeM SABHO YKa3bIBATh KaKYTO
Pa3HOCTh UCIIOJIb3YeM OIepUPYs MHOKECTBAMU BEPIIUH U pédep, n3berasi COKpaIieHmii.
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IToarpadwni

I'pad H(W,I) nasbiaercsa nodepagom rpada G(V,E), ecru W CV u Il C E.
Hpyrumu ciosamu, rpad H nosnydaercs us rpada G yaaieruem pébep 1 BepIiuH (BMecTe
CO cMeXHbIME pé6pamu). Dto obosHadaror H C G. MbI nucrnosib3yem omnpejiesieHne
noarpada, TakyKe M3BECTHOE KaK PEOGepHbiti nodepad.

Qopmasibao, rpad G gBIgETCS CBOUM HOAIPAdOM; ITOOBI HOIEPKHYTh, UTO MO/
rpad H me coBmnajgaer ¢ G ucnosb3yior oboznavenne H C G B aToM ciryyae noarpad
H nasbiBaror cobcmeertvim noarpadom rpada G.

Cpemn noarpadoB ecTh BaxKHBINH dacTHbIN ciaydait. [lycts U C V' moarpad H
rpada G, cocrogmuit u3 Bepmna U u copepxkaiuii Bce pébpa, KoTopble ecTb B (¢
Has3bIBaeTCsd uHdyyuposarrwvim (MuoxkectsoMm U); dbopmanbao H = (U, EN (g))
s monrpada rpada G UHIYITIPOBAHHOIO MHOXKeCTBOM U MCIHOJIB3YIOT 0003HAYECHIE
G[U]. Tlo-ymomaanuto o mofrpadamMu Mbl TTopa3yMeBaeM pébepHble MOArpadm.

C nomornpio MmoHsaTHA mojrpada n 6a30BbIX I'PadOB BBOAUTCA PsiJl BasKHBIX OIpPE/Ie-
nennit. [lonrpad H rpada G nazbiBaeTcs

® NYMEM 13 BePIIUHBI U B BEPIIUHY v, eciii H — 310 rpad-nytsh P, ¢ HavajaoMm B
% W KOHIIOM B V;

e yuxaom, eciiu H —s1o rpad-mmka Cp;
e xauxotl, eciiu H —»>to nonnberii rpad K,.

MuoxkecrBo U C V(G) HasbiBaercss He3G8UCUMbBLM, €CIA B UHIYyIUpPOBAHHOM U
nozrpade et pébep, To ecth G[U] = K,,. JIpyruMu clioBaMy, HIKAKHe JIBe BEePITHHBI
muO)KecTBa U He coenunerbl pe6pom B rpade G (9T0 SKBUBAJIEHTHOE ONPe/Ie/ICHNE).

[lepen cemyromum onpegeeHrneM HAIIOMHUM, 9TO (pOPMaIbHO OObEKT 0018/ 1aeT
cBoficTBOM H, €C/ii OH TIPUHAJJIEKUT MHOYKECTBY, OIPE/IE/ISIEMOMY 9TUM CBOWCTBOM,
KOTOpOe MBI 0003HaUaeM Takke, To ecTb H = {x | H(x)}; cBoiicTBO dopmanm3oBano
gepes npeaukar H(x).

[Iycts H — 310 HEKOTOpOE CBO#ICTBO rpacdoB; obo3HaunM uepe3 He BCe MOArpa-
dor rpacda G, obmamaroniue croiictBom H. [loarpad H C G, H € H; nasbBaercd
MAKCUMAABHBIM CpeJi TIorpadoB co cBoiicTBOM H, ec/ii He CYyIIecTBYeT mnojrpada
H' € Hg, Takoro uto H C H' w H' C G.

ITpumep 8. Pacemorpum rpad K na puc. 4.2. PaccMOTpUM CBOHCTBO «OBITH ITUKJIOMS.
JI1oboit morpad rpada Ky, aBagiomuiica MUKJIOM OyJIeT MaKCUMAaJIbHBIM ITHKJIOM,
IIOTOMY YTO JIOOABJICHUEM BEPIIWH U pEOep B IMUKJI, HEJIb3d HMOJYUIUTb JAPYToil IHIKJI;
TakuM 06pazoM rpadsr Cs 1 Cs Ha pHC. 4.2 sBIIMIOTCS MAKCHMAILHBIMHI UKIaMI rpada
K.

PacemorpuM cBoiCTBO «OBITH KJIUKOIY». MakcuMaabHON KJIUKO# OyJIeT TOJBKO CaM
rpad K35, moTomy UTO Kakyto Obl JAPYIYIO KIUKY Mbl He B3, Hanpumep Ks[{1,2,3,4}],
€€ MOXKHO IIPEBPATUTH B KJHUKY OOJIBIIIEro pa3Mepa, JI00aBUB OCTa/bHbIE BEPIIUHBI 1
pébpa: K5[{1,2,3,4}] € K5[{1,2,3,4,5}] = K.

PaccmoTrpum cBoiicTBOM «OBITH KJIMKO#N U€THOrO pasmepas. JIiobas kimka rpada
K5 na gernipéx BeprimHax, Hanpumep K5[{1,2,3,4}], Oyier MakcuMaabHONW KIMKOIL
9ETHOTO pa3Mepa, a Jiobas KIUKa pa3Mepa jBa (pedpo) XoTh u OyeT 00/1a1aTh STUM
CBOMCTBOM, MAaKCUMAaJILHOM KJIMKON UETHOrO pa3Mepa He Oy/IeT.
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4.4 (CBA3HOCTD

Bepmmaa u HazbiBaeTcss docmudtcumoti U3 v, €C/ii €CThb IIyTh u3 v B u. ['pad
(G HA3BIBAETCST CBA3HBIM, €CJIN JII00AsT €ro BEpINHA JIOCTHKUMa, U3 JIF00OH JIpyroii.
[Ipocrast anHaorus Ui MOHATUSI CBA3HOCTU — ropoja u jgoporu. Ecin V' — MmHOXKecTBO
ropoJioB, a I/ — MHOXKECTBO JIOPOT, TO CBA3HOCTD I'pada 03HAYAET, YTO U3 JI0OOTO TOpo/ia
MOKHO J100paThes J10 J1r000r0 jipyroro. Jlaxke B peaabHO#l XKU3HN Ir'pad aBTOIOPOT MOKET
OBITH HECBA3HBIM, B YaCTHOCTH HecBs3eH rpad aprogopor Poccun — Kanununrpaackast
obJtactb orpe3ana ot Poccum crpanamu EBporbr.

[TosTomy, ipu anaju3e JOPOKHDBIX ceTell HHTEPECHB KOMTOHEHMBL CE8A3ZHOCTIU —
MaKCUMaJIbHO CBaA3HbIE ToArpadsl rpada G. To ectb, H — KOMIIOHEHTa CBA3HOCTH rpada
G, eciu H C G, H — cBa3ublii rpad u He cymecrByer csasHoro nojarpada H' C G,
takoro uro H C H'.

O4eBUIHO, 9TO KOMIIOHEHTa CBSI3HOCTH BCET/Ia WHYIIMPOBAHHBIN TOATpad, M03TOMY
KOMIIOHEHTY CBSI3HOCTH YaCTO OIPEJE/IAI0T KaK MaKCUMAJIbHOE 10 BKJIIOYEHUIO IOJI-
mHOKecTBO Bepiiud U C V', B KOTOPOM KazKasl BEPIIMHA JTOCTHKUMa, APyl U3 JIPyTa.
3aMeTnM, 9TO 3TO OIpeJe/IeHne He SKBUBAJCHTHO UCIOIb3YEeMOMY HAMHE, TOCKOIbKY
BTOpOE JIAHO B TepMHUHAX MOArpadoB, a mepBoe — B TEPMUHAX HOIMHOYKECTB MHOKECTBA
BEPIINH, XOTsl MEXK/y HUMHU U €CTh B3aUMHO OJHO3Ha4HOe coorBercrBue: U — GUJ.

JI1060it rpad sIBiIsIETCST OObEINHEHNEM €0 KOMIIOHEHT CBA3HOCTH. VI3yduB mos:xke
OTHOIIIEHUSI SKBUBAJEHTHOCTH, MBI JIOKAKeM, 9TO KOMIIOHEHTBHI CBSI3HOCTH JIMOO HE
repecekaroTcst, 100 COBIIAIal0T, TO €CTh, ecau Hi, ..., H,, — KOMIIOHEHTHI CBA3HOCTH
rpacda G, To

G:H1UH2UUHm, HZﬂHJZQ

[Toka sTrM (hakTOM MOXKHO IOJIB30BaThCA 0€3 JI0Ka3aTeIbCTBA; IMOIPOOyHiTe J0Ka3aTh
9TO YTBEPXKJIEHHE CaMOCTOATE/IbHO. KOMIIOHEHTa CBA3HOCTU MOYKET COCTOATH U3 OJTHOM
BEPIIUHBI; B 9TOM CJIydae BEpIIMHA UMeeT CTEleHb HOJIb U Ha3bIBACTCH U30AUPOBAH-
HOT.

Boutee opobHO 0 CBA3HOCTU MBI TIOFOBOPUM Ha, cjeaytorieit sexiun. Ha 31oit Mbl
JIOKaKeM CJIEIYIONLYIO JIEMMY.

JIemma 1. ITycmv G(V, E) — ceasnuiti epagh u pebpo e aescum wa yukase; mozda 2pagh
G' = (V,E\ {e}) ceasnvii. To ecmn, ydarenue pebpa wukia He HAPYUWLAEM CBAZHOCTD.

[lepen mokazaTe/ibCTBOM BBEIEM BCIIOMOraresbHble obo3Hadenusd. [lycts P u () —
nyTtu B rpade G, x,y — BEepIINHBI, JIeXKalne Ha MyTn P, a y U z — BePIINHBI, JIeZKaIlnue
Ha nyTtu (). O6o3uavdnM 4depe3 x Py — noanyTh nyTn P, HAYWHAIOMNNCS C BEPITHHEI
T W 3aKaHYUBAIONIUICA B BEPINUHE Y; CIUTAEM, UTO BEPIIUHLI Do, P1, - - ., Py OyTH P
YIOPAJI04YEeHBl TaK, UYTO T = P;, Y = Pj, © < J U COOTBETCTBeHHO TPy = p; Pp; — 11yTh Ha
BEPIIUHAX P, ..., P;. Ecan B pesynbrare oobenuHennd myTeit x Py u y()z moyrydnrcs
IIyTh, TO MBI OOO3HAYAEM ITOT TyTh depe3 xrPy()z. DTo 0b03HAYTEHNE TTEPEHOCUTCS U
Ha 00beINHEHNE HECKOJILKUX IyTell, a ecau nyTu P u () UMEIOT ¢IMHCTBEHHYIO OOIILYTO
BEPIIMHY — OOIIUIl KOHEI, TO IIyTh, MOJIYYUBIIHiicd UX 00be/INHEHIEM 0D03HAYNM Yepe3

PQ.
HokazareabcTBo ieMMbI 1. [lycrs pebpo e jexut B nojarpade-nukie C'. Obo3Hagmm

gepe3 () C C' noarpad-myTs, noaydatornuiics u3 C' yuanenuem pebpa e (¢ coxpaHeHueMm
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ero KoHIOB). 3aduKcupyeM Bce IyTH MeXK/y BCeMU MapaMy BepIIUH epe] yIaleHneM
€ ¥ pacCMOTPUM IIyTh P ¢ HAYaJIOM B BEPIIUHE W U KOHIIOM B BEPIIUHE Z.

Ecnu pebpo e ne jexkut Ha myTtu P, TO 1ocje ero yjaaaeHus 3TOT IMyTh He TOCTPAJIaeT.
Ecnu ke e exkuT Ha 1yTH, TO MPEBPATHM 3TOT IyTh B JAPYTOi MIyTh ¢ MOMOIIBIO IIYTH ().
ViopsiiounM BepiiuHbl P; 1ycTh BepiinHa T — nepBas olIas Bepiinna myreit P u ()
(6mkaiiiasg K w, BOSMOXKHO caMa w), a Y — IMocJeiHsAst obmas BepimHa myTeit P u @
(6rmKaiimmast K z, ObITh MOXKeT caMa z). BepIuHbl & 1 y Olpe/IeIeHbl, TOTOMY YTO Iy TH
P u (Q nmeror xoTst OBbI ABe OOIIME BEPIUHBI — KOHIIBI pebpa, €.

Jokaxkem, uTo wPrQy Pz — 1nyTh, COeIMHAIONINI BEPITUHBI W U 2, U HE MPOXOIATINN
yepe3 peopo e. JleiicrBurenbho, mytu wPr u x(QQy He uMmeroT oOIUX BEPIIUH, KPOME X,
IIOCKOJIBKY MHade B IIyTu P Haluiach Obl BepimHa OJIMKe K w, YeM &, KOTopas ObLia
OB 001TIasT ¢ TIyTEM (), ITO IPOTHBOPEYUT BHIOOPY T; CUMMETPUIHO iyt rQy n yPz
He MMEIOT ODOIUX BEPIIH, KpoMe Yy (MHaYe HAILIAch Obl 00Ias BepIinHa OJINKe K 2,
geM y); nytn wPx u yPz He uMeroT obIMX BEPIINH, [IOCKOIbKY 9TO HEllePeCeKAIOIIecs
MOy TH TIyTH P.

Wrak, Mbl J0Ka3a/11, 9TO HOCTe YaaeHus pedpa e B rpade Mmo-1peKHeMy OCTaHYTCS
IyTH MEXKJIy BCEMH ITapaMu BEPIIUH, T. €. rpad OCTaHEeTCsT CBI3HBIM. ]
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Jlekniga 5

I'pacnr 11. /lepeBbs 1 packpacKu

Ilaan:

1.
2.

Ceasnoctb. Teopema «#kommoneHT csazaoct = |V| — |E|».
HepeBbsi. Teopema 00 3KBUBaJIEHTHOCTH YETHIPEX CBOMCTB.

Paccrostnue mexkty BeprmHamu, jguaMerp rpada. Juamerp j1o60ro cBA3HOrO
rpada ne npeBocxogut V| — 1.

JIBypackpamuBaembrii rpad. ['pad aBypackpammBaeMblii TOTJa U TOJIBKO TOTJIA,
KOI'JIa HEeT IUKJIOB HEYETHON JIJIMHBL.

Croxer o TpéX IIOIIapPHO 3HAKOMBIX MJIN IIOITapHO HE3HAKOMbBIX.

MapmipyThl 1 3aMKHYTBIE MapIIpyThl. Mexk 1y JIByMda BepimmHamMu rpada ecTb
IyTh, €CJIU MEYKJIy HUMU €CTh MAapPIIPYT.

* DiIepoBbl MapPIIPYThHI

HpO,ILOII}KI/IM nsydeHnne CBA3HOCTH.

Teopema 2. Obosnavum wepes C wucao komnonenm ceaszwocmu epaga G(V, E). Jaa
HE20 CNPABEINUBO HEPABEHCTNEO

C=V|-|E

HokazareabcTBo. 3adukcupyeM KoJmdecTBO Bepiiu# B rpade |V| u gokaxem yTBep-
JKJIeHne HHAyKIweil st rpados ¢ auciaom pébep |E| or 0 mo |V].

Basa: Tlpu |E| = 0 4ucyio KOMIOHEHT CBSI3HOCTH COBIIAJIAET C YUCJIOM BEPIIUH:
c=|V|

Hlae: Tlycrs mis |E| = n yrBepxkienue jokazano. I'pad ¢ (n + 1)-m pebpom
[oJIyuaeTcss U3 HeKoToporo rpada ¢ n pédpamu pobassenneM pedpa. s rpada na n
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pébpax HepaBeHCTBO BBIIOIHSETCH, a J00aBIeHHOe PeOPO b0 COETUHNT JBE BEPIINHLL
U3 OJTHON KOMIIOHEHTBI CBsI3HOCTH, 4TO He ymeHbmmuT C', Ho ymenbmmt |V| — | E|, mubo
COEINHAT BEPIIUHBI U3 PA3HBIX KOMIIOHEHT, YTO YMEHBIIHUT ¥ JIEBYIO U IIPABYIO YacThb
HepaBeHcTBa Ha 1. B KaKIIOM 13 cirydaeB, BepHOE HEPABEHCTBO Iepeiier B BepHoe. [

3ameuanme 1. B jjoka3aTe/bcTBE Mbl OCTABU/IN YUTATEIIO B KAUECTBE yIPasKHEHUs
ceIyroliee yTBep:KaeHue: Mpu go0aB/ieHun B rpad pebpa, COeTUHSIONIEro BePITUHbI
pa3HBIX KOMIIOHEHT CBS3HOCTU, 9TU KOMIIOHEHTBI CBA3HOCTU OOBEIMHSIIOTCS B OJHY
KOMIIOHEHTY.

HepasencTBo u3 Teopembl JI0BOIBHO ciiaboe: B ciaydae, ecjin B rpade MHOTO pébep,
TO 9YUCJIO B Hpa.BOfI JaCTU HEPaBEHCTBa CTaHOBUTCA OTPUIlaTC/IbHBIM, a B JIEBOI — Bceraa
moJstoykuTeIbHO. OCHOBHBIM IIPUMEHEHUEM 3TON TeOPEMBbI CJIYKUT CJIeLyIOIIee CIe/ICTBHE.

CaenctBue 2. Ecau epap ceaswud, mo |E| > |V]| — 1.

CrencTBue ycraHaB/IMBaeT HUZKHIO TPAHUILy HA 9IUCIO pEOep B CBI3HOM Tpade,
YTO MPUBOJIUT HAC K OIPEJICICHUIO TPadOB CIIEIUAIHLHOTO BU/JIa — JIEPEBHEB.

5.1 JlepeBbs

BazkHBIM 9acTHBIM CJIydaeM HEOPHUEHTHPOBAHHBIX IpadoB AB/IAIOTCA JepeBbs. Jis
JIEPEBBEB JOCTATOYHO MHOI'O 9KBHUBAJEHTHBIX OIIPEIE/IeHNI, IT09TOMY, MbI OyIeM Ha3bl-
BaTh rpad JEePEBOM, €CJIU OH YJIOBJIETBOPAET JIIOOOMY U3 CJIEYIONINX CBOMCTB:

(1) Munnmasbro cBsa3ublil rpad (T.e. mpn ynaaeHnu joboro pebpa rpad cTanoBHTCS
HECBSA3HBIM ).

(2) Caasuslit rpad, B KoropoMm |E| = |V| — 1.
(3) Anumkiimaeckuii cBs3ublil rpad (cBa3HbIl rpad 6e3 IMUKIIOB).

(4) T'pad, arobast mapa BepIInH KOTOPOTO CBsI3aHA €JUHCTBEHHBIM Iy TEM.

JlokaxkeM 3KBUBaJIECHTHOCTb 9TUX CBOHCTB.
Teopema 3. Csoticmea (1)-(4) oxeusanernmmo.

okazaTenbcTBo. JJoKaxKeM 9KBUBAJEHTHOCTD, YCTAHOBUB UMILIUKAIAU 110 MEMOYKe:
2)=1)=0@)=4)=(2).

Nnvmnmukamnnm (2) = (1) ycranossena B ciaegctsue 2: n3 casnoro rpada c |[V] —1
pebpPoOM HeJIb3s YIAJIUTH peOpo 0e3 HapyIeHusT CBA3HOCTH.

YcrarouM nmiakarmio (1) = (3), BOCIOIB30BaBIINCH KOHTPAIIO3UIINEN, T. €. JTOKa~
xeM —(3) = —(1). Orpunamnue ycrosus (3) o3nadaet, 9T0 rpad) HECBA3CH WIN HMEET
uKJI, a yeaosus (1), aro rpad ninm HeCBsA3eH WM CBsI3eH, HO He MUHMMMAJIbHO. Eciu
rpad HecgaseH, To nMmiumKanug —(3) = —(1) BBIIOIHIETCS, HOITOMY COCPEIOTOUMMCS
Ha CJIydae CBA3HOrO rpada, KOTOPbIN COAEPKUT IHUKJI. B jieMme 1 Mbl yCTAaHOBHJIM, YTO
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IpH yjaJieHnu pedpa u3 IMUKJa B CBA3HOM rpade, rpad ocTaéTcs CBA3HBIM, T.e. rpad
J10 yJaJieHust pedpa OblLI He MUHUMAJIbHO CBSI3HBIM.

Takzke gokaxkeM (3) = (4), noxkaszas kourpanosunuio —(4) = —(3). Eciu Bomoseno
yesiore —(4) 1 MexK /Ty KaKOH-TO Mapoil BePIINH HET HU OJIHOTO Iy TH, TO Tpad HECBSI3bIHI
u crpaseiuBo yeiaosre —(3). OcTanoch J0Ka3aTh CJAEIYONLYIO JEMMY.

Jlemma 2. Ecau meorcdy sepuunamu w u z 2paga ecmv dsa padsuvnvie nymu P u @,
mo epagh codepacum UuKA.

Jdoka3aTeabCTBO JIEeMMbI. 3aMeTuM, 4To w # z (U3 BepIIUHbL B cebs BEJIET eJIH-
cTBeHHbI myTh — uinHbl 0). Ecm w u 2z euHCcTBeHHBIE OOIIIE BepIUHbI myTeil P u
(2, TO CKJIEUB JBa IyTHU MOJIyunTcs UK. Ecin ke ver, jpomyctum, aro y nyreit P u )
CYIIIECTBYIOT OOIINe BEPIIUHBI & U ¥, TaKue ITO y myTeit x Py u x(Q)y HeT oOIMuUX BEPIINH,
KpOMe KOHIIOB, U OJINH W3 IIyTeil He Kopode JABYyX. B 9ToM ciiydae, mpu 00beIMHEHIN
nyreit xPy n xQ)y, TOIYyIUTCA UK.

Yrobbl HaliTH o Oy/IeM IBUTAThCs BJIOJIb myTeit P u () oT w K z, TIOKa He BCTPETUTCS
repBas HeCcOBITaaloas BepinHa. Takoe 00s3aTe/IbHO CIYyYnTCs, HHAYe Iy TH COBITAIAI0T.
Byzem cuurarh, 9TO HECOBIAIAOIIAS BEPIINHA U JIEXKUT Ha yTu P u u # z (unade
nomensieM P u () mectamn).

Boeibepem Bepiuny mepesn v B KadecTBe x. B KadecTBe y BbiOepeM HEPBYIO TIOCTE T
obryto BepruHy mnyreit Pz u x()z. Takum obpaszom nosryanm, 9o nytu xQy u xPy
He UMEIOT OOIUX BEPIITUH KPOMe KOHIIOB, U JINHa IyTu P XoTsa Obl 2. O

Ocrajiocs okazarb umitrkaimo (4) = (2). IIpoBeaém gokazaTebCTBO HHIYKIHEd
1o uucy BepummH B rpade. Basa: npu |[V| = 1 B rpade Her pébep u B BepiuuHy B cebs
ecThb euHCTBeHHbI myTh jyinabl 0. [lar. [lycrs yTBep:kIerne BepHO 1jisi Beex rpados
Ha N BEPIIMHAX U IyCcTh (G — NPOU3BOJIbHBI Ipad, YIA0BIETBOPSIONHA yeaoBuio (4),
B KoTopoM V(G) = n + 1. Beibepem B G camblil JIHHHBI IyTh P, KOHEI| KOTOPOT'O
0003HAYNM Yepes3 Z.

JlokazkeM OT IPOTUBHOIO, YTO BepINUHAa z uMeeT crenedb 1. omycrum, gro y
BEPIIUHDBI Z €CTh eIé COCeJl T, KPOMe IPE/IIEeCTBYIONEH el Bepmuubl iy Ha myTu P.
Ecnu Bepmmna x we jiexkut Ha 1yt P, To K mytn P MOXKHO J00aBUTH peOpo zx u
¢JIeJIaTh ero JIJINHHee — MpoTuBopedne ¢ Beibopom P. Ecim ke x jexkut Ha iyt P u
x # Yy, To B rpade ecThb JBa IMyTH, COIUHSAIONNE BEPIUHbI T U 2: Pz u pebpo xz, 9ro
IPOTUBOPEYHT YCJIOBHIO (4).

Vnanus BepruHy z n3 rpada G noaydum cBsasHblil rpad G Ha n BepIIMHAX,
JIUIST KOTOPOTO CIIpaBeInBO npeioxkenne uupyknnm: |F(G')| = n — 1, nockoabky
MexK Ty J1t060i apoit BepruH G CyIecTBYeT eMHCTBEHHBIN 1IyTh. BepHyB 2 Ha MecTo,
[OJIyYaeM, 4TO Mbl YBEJUYMIN HA €JIMHUIYY U YUCJI0 BEPIIMH U 9ucIo pébep rpada G,
a oromy jokazasd, aro |E(G)| = |V (G)| — 1; mar unayknun goKa3aH. O

[Tpu nokazaresberBe nMiumkanmn (4) = (2) Mbl [0Ka3a/0 CIIeIyolee CBOHCTBO
JIEPEBbEB.

YrBepxkaenue 3. B abom depese, boaee vem ¢ 00HOU epuiunoti, ecmsb roms O, dee
sepuwurv, cmeneny 1.
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5.2 Paccrogame mMexXay BeprmHamu. /JIlumamerp
rpada

Paccmosruem p(u, v) MeXKLy JByMs BEPIIHHAME U M U B CBSI3HOM I'pade Ha3bIBAIOT
JUIMHY KpaTJdaiIiero mytu Mexiay Humu. luamempom ceszuoro rpada G Ha3bIBaIOT
urcsio diam(G) = max p(u,v), a TaKKe MyTh TaKOil JTAHBL.

1%

)

VYreepxkaeuue 4. Juamemp cessznozo epada ne npesocrodum |V | — 1.

okazareabcTBo. /leiicTBUTE/ILHO, €CIN B IIyTh BXOJAT BCE BEPIIMHBI rpada, TO ero
nymaa paBHa V| — 1, a Kax1ag BepinnHa rpada BXOJAUT B JTH000ii yTh He 6osiee 0JHOTO
pasza. O]

5.3 IlpaBumibHble pacKpacKu

Sadukcupyem B posu 1neToB ducia or 1 1o k. Packpacka rpada — 310 pyHKIHUSA
f, KOTOpas cTaBUT B COOTBETCTBUE KaXKJIOW BepIiuHe Ipada HEKOTOPHIH IBET, T.e.
f(u) € {1,...,k}. Packpacka [ HasbiBaercsd mpasuabHoll, eciii KOHIbI BCeX PEGep
HOKpAIIIeHbl B Pa3Hble I[BeTa, T. €. JiJId Kaxkioro pebpa {u, v} copasemmso f(u) # f(v).
MunumabHOE YHC/IO BETOB, B KOTOPBIA MOXKHO HPaBUILHO pacKpacuTh rpad G Ha-
3BIBAETCH LPOMATMUYECKUM HUCAOM 1 obozHadaercs depes x(G). dcno, aro st
KazKJI0ro cBsi3uoro rpada 6osee wem ¢ ojHoi Bepmuuoii x(G) > 2. Cocpemorodanm-
cd Ha CJIydae JIBYpacKpalllnBacMbIX I'padoB; 01 k-packpauwueaemvim rpadoM Mbl
noHuMaeM rpad, Jjist KOTOPOro CyIIECTBYeT IpaBUIbHas packpacka B k I[BETOB.

Teopema 4. I'pa G asasemca dsypackpausaemuvim mozda u moavko moezda, Ko2da 6
HEM HEM YUKAOE HEYLEMHOT OAUHDL.

okazareabcTBo. /lokakem cHadaja, 9TO B JIBypacKpalluBaeMoM rpade HeT IUKJIOB
HeYETHOM yIMHBL. [0 KOHTpaIto3uIym, 9T0 yCI0BHE PABHOCUIBHO TOMY, UTO €CJId B rpade
€CTb UK/ HEYETHON JJIMHBI, TO €r0 HeJIb3sl PACKPACUTh B JIBa, IBETA. DTO YTBEPKICHUE
JIETKO TIpOBepUTh. Ecymm npaBuiibHasi pacKpacka eCcTb, TO B CUJIy CUMMETPUH MOYKHO
CUNTaTh, UTO IIepBasi BePINNHA IUKJa IIOKPaIlleHa B IIBeT 1, TOra BTOpasi BEPIINHA
MOKpaIlleHa B IBET 2 U TaK Jiajee, TO eCTh KaKjiasd HeUéTHas BepIInHa Oy/IeT MOoKpaIleHa
B nBer 1, a Kaxkjgad uérHad —B nper 2. Torma moceaHsisi BepIIMHA IUKJa OyIeT
IOKpallleHa B TOT K€ I[BET, UTO U IepBasi, YTO HEBO3MOXKHO.

JlokazkeMm Temepb, 9TO ecju B rpade HeT NMUKJIOB HEYETHOM JIJIMHBI, TO OH JIBY-
packpammuBaemblit. /[j1g 9Toro mocrpoum packpacky. BeibepeM B KarKJ10il KOMIIOHEHTE
CBSI3HOCTHU II0 BEPINUHE, KOTOPYIO HA30BEM IIEHTPOM, W IOKpacuUM e¢ B I[BET 2; BCe
BEPIIUHBI HA PACCTOSHUM 1 OT Heé MOKPACHM B IIBET 1, Bce BEPIINHBI HA PACCTOSHUN
2 —B IBET 2 W TaK Jlajiee: BEPIIMHBI HA YETHOM PACCTOSHUHU OT IEHTPa MOKPacuM B
1BeT 2, a Ha He4éTHOM B 1BeT 1. IIpesmnosoxKkum, UTo B pe3y/bTare 3TOi MPOoIe Ly pPbl
[OJIy9nJIach HelpaBIIbHAs packpacka. DTo 03HAYAET, YTO y HeKoToporo pebpa {u, v}
KOHIIBI OBLJTU ITOKPAIIEHbI B OJINH I[BET, & 9TO MPOU3OIILIO, €CJIU PACCTOSHUS OT IIEHTPA C
HEKOTOPOI KOMIIOHEHTBI JIO0 BEPIIUH U W ¥ UMEIOT OJUHAKOBYIO 9éTHOCTH. [Iycth P —
KpaTJaiiuii myTh OT MEeHTPa JI0 U, a () — Kpardaiiimii myTh OT IeHTpa JI0 U U w caMast
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JIaJIbHSIsT OT TIEHTpa uX 001ast BepimHa (ObITh MOXKET CaM IEHTP, eCJIU JAPYTUX 06X
BEPINUH HeT). 3aMeTUM, 9TO W He COBIAJAET HU C U, HU C U: WHAYE MbI MTOJIYIIIN ObI,
9TO PACCTOSTHUS JIO % ¥ U OTJMYAIOTCS HA eJUHHUILY; [0 9TOi ke npudnne pedpo {u, v}
He JIEXKUT HU Ha OJHOM U3 3THX IyTeil. [lytn cPw n cQw UMeoT OJIUHAKOBYIO JJINHY; B
HPOTUBHOM CJIydae OJMH U3 ITUX IyTeil MOXKHO ObLIO OBl 3aMEHUTh Ha 6oJiee KOPOTKUii
JIPYTOH ¥ COKPATUTH JJIMHY IIyTH JIO U WA .

Orcroia Mbl oJIydaeM, 9To Iyt wPu n wQu nepecekaoTcs TOJIbKO 10 BepIITHE W
U UX JIJIMHBI UMEIOT OJIMHAKOBBIE Y6THOCTU (OT JIJIMH OJMHAKOBON UETHOCTH OTHUMAETCSI
paccrostaue oT ¢ j10 w). OObeUHUB TU MyTH U J00aBUB K HUM PeOpPO {u, v} mosryamm
[UKJI HEYETHON JUIMHBI, 9TO HPUBOJAUT HAC K IPOTUBOPEUMIO. O

5.4 CioxkeT Npo TPEX IMONAPHO 3HAKOMbBIX WJIN
IIOIIAPHO HE3HAKOMBbIX

PaccmoTpuMm emé oun 3aHMMATETLHBIN ITPUMeEp, MOJI00HBII TPUMeEpPY O PYKOIIOXKa-
Tugax. Ecim BIOpaTh JiIoOble 6 9eI0BEeK B ayUTOPHUU, TO CPEJIU HUX OKaYKEeTCd WJIN
TPU IOIMAPHO 3HAKOMBIX Ye/IOBEKA WJIM TPU MOMAapHO He3HAKOMbBIX. IlepeBeaém 3To
yTBEPKJIEHNE Ha sI3bIK TeOpPUu Ipados.

YT1BepKaeHue 5. B zpage 1na wecmu SEPUUHAT eCMb UAU KAUKG DA3ZMEPG 3 UAU
HE3ABUCUMOE MHOHCECTNEO PASMEPG 3.

HokazareabcTBo. BosbMméM Jio0Oyio Bepmmny. Torga ona ubo cMekHa ¢ KAKIMU-TO
TpeMsi U3 OCTABIIUXCs, JUOO HE CMEXKHA € KAKUMHU-TO TPEMS M3 OCTABIIUXCS. JTHU
cIydau CUMMETPHUYHBI, JIaBafiTe CUNTATD, YTO BBIIOJIHAETCS MEPBBINA Cydail 1 BepIInHa
a cMexkHa ¢ BepmuHamMu b, ¢ u d. Eciu cpenn b, ¢ u d ectb XoTsd ObI 01HO pebpPo, TO
KOHIIBI 3TOr'0 pedpa BMECTe C @ SBJISIOTCS BePIIMHAMEI KJIMKKA pasMepa 3; ecjid xKe peoep
MezKLy HUME HeT, TO {b, ¢, d} — He3aBHCHMOE MHOYKECTBO pa3mepa 3. H

5.5 iijiepoBBI MapIIPyThI

Mapwpymom B rpade G Ha3bIBAETCS HOCIEIOBATEILHOCTL BEPIIUH Ug, Vg, . . . , Uy,
takast 9o n = 01 {v;, v;11} € E(G) aia 0 < i < n—1. Obparum BHIMAHKE, 9TO BTOPOE
YCJI0BUE IPUMEHUMO TOJILKO B CJIydae, KOIJIa B MapLIpyTe GOJIbIIe OJHON BEePIIMHEL, a
HOTOMY J1I06as MOCJIeI0BATEILHOCTD U3 €AMHCTBEHHON BEPIIMHBI CIUTACTCS MAPIIPYTOM.
Zaurna mapwpyma — 310 IUCTI0 PEOGEP, COCTUHAIONINX BEPIIUHBI MAPIIPyTa; OHO
coBIagaeT ¢ n. MapmpyT Ha3bIBACTCA 3AMKHYMDBLM, €CIIH V) = Vp,. ByJleM roBopuTh.
aro pebpo {z,y} € E(G) aearcum ua mMapuipyre, eciu Jijisd HeKOTOporo i {v;, vi11} =
{z,y}.

OueBuano, 4To ecan B rpade ecTh IMyTh U3 BEPIIUHLI & B BEPIIMHY 4, TO B HEM €CTh
U MapmpyT MexKIy STuMu Bepmuaamu. OOpaTHOe TOXKE CIpaBeJInBO.

Yr1BepKaeHue 6. Ecau 6 epage ecmvb mapupym mencdy GEPUWUHAMY T U Y, MO eCMb
U CoeQUHAOWUT UT NYMb.
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HoxkazareabctBo. llycts vg,...v,, v9g = T, v, = Y — camMblil KOPOTKUI MapPIIPyT
u3 r B y. JlokaxkeM, 94TO B HEM HET MOBTOpLAIONUXCA BepmuH. /leficrBuTe/bHO, ecn
v; = V4,1 < J, TO YAAIUB U3 MaplIPyTa BCE BEPUIMHBL C V;11 JO V; IOJIYyYIUM MapIIPyT
KOopoue. 3HAYUT B BLIOpAHHOM MAapIIpyTe HET MOBTOPSIONIUXCS BEPIIUH, COCETHUE
BEPIIIMHBI MAPIIPYTa MO OIPE/IETICHUIO COEIMHEHBI peOPOM, OTCIOA MOJIydaeM, ITO rpad
Ha BEPIIUHAX MapIIpyTa CO BCEMU pEOpaMu MapIipyTa dBidercd rpadomM-myTém. [

Teopust rpados 3apoauiack B ropoje Kénurcoepr (Hbine Kamunuurpas) co ciemy-
foreit 3agaan. Maremaruk Jleonap Ditiep /100U ry/dTh U HOCTABUII 1IEJIb: 000HTH
Bce ocTpoBa Kénurcobepra, mpoiiisg 1o KazKJI0My MOCTY POBHO OJMH Pa3, BEPHYBIIUCH
B KOHIIE IIPOTYJIKN B Hadajo mytu. [Lran mectHocTH 3 paboThl Ditiepa NpuBeIeH Ha
puc. 5.1.

Lorrement Aiad. SE. L. WJ&AW /26

Z 4

Puc. 5.1. Mocter Kénurcbepra

[TepeBeném 3atady Ha si3bIK TpadoB. Dillepa WHTEPECOBAJIO, CYIIECTBYeT JIn Ha
rpade HuKe 3aMKHYThIIl MapIIpyT, KOTOPBIN COJAEPKUT Bce pédpa rpada poBHO OJIUH pa3.
MapriipyT, KOTOpPBIif COJEPKUAT Bce pEdpa rpada POBHO OJIMH pa3 HA30BEM AUAEDPOBBLM
mapwpymom. ObparuM BHEMaHNIE, 9TO rpad U3 OPUTHHAIBHON 38/1a9U1l COAEPIKUAT
KpaTHbIe PEOPA, KOTOPbIE MbI HE PACCMATPUBAEM.

C

B

Puc. 5.2. I'pacd mys 3agaau o mocrax Kénurcbepra.
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Dityiep oOHAPYKUJI, UTO HYXKHOIO MAPIIPYTa HE CYIIECTBYET U JOKa3aJl MPOCTOMH
KPUTEPUil CYyIIECTBOBAHUSI TAKOIO MapIIpPyTa.

Teopema 5. Csasnwniti epagp G codeporcum 3amxHymuit 20Aepos mapwpym mozda u
moavko mozda, k0204 cmenens Kancdoth GEPUUHBL YEMHA.

HokazareabcTBo. /lokaxkeM cHavaja, 9TO e€ciu B I'pade ecTb BeplinHa HEIETHOM
CTETeH!, TO B HEM HET 3aMKHYTOr0 DitjiepoBa MapipyTa. [lycTs & — BepiuHa HEIETHOI
crenienu. Ecim B rpade ecTh 3aMKHYTHIH 31JIEPOB MapIIPYT, TO MUKJIMIECKU CIBUHYB €T0
BEPIIUHBI JIETKO JOOUTHCS, YTOOBI MapIIPyT HAYMHAJICHA ¥ 3aKAHUNBAJICH B T. 3aMETUM,
YTO KaXKJIblil pa3, KOr/a BEPIINHA & BCTPEUAETCH B Cepe/InHE MAPIIPyTa, B MapIIpyTe
BCTPeYAIOTCA cpa3y JBa pedpa x: B T HYKHO CHavaja 3aiiTH 10 OJHOMY pPedpy, a
IIOTOM BBIATH TI0 Jipyromy. [IocKoJIbKY & sdBJIgeTcs MepBOil U MOCJEIHEl BEPITUHOMN
MapIIpyTa, TO HA €ro KOHIAX TaKXKe 33/IeiCTByeTCsd j1Ba pedpa: IepBoe Ha MEPBOM
BBIXOJIE U3 X, & BTOPOE — IIPH IIOCJI€/IHEM BO3BpaTe. JHAYUT, YTO B BO BCEM MAapIIpyTe
y9IaCTBOBAJIO TOJILKO KAKOE-TO YETHOE YUCJIO PEOEP, CMEXKHBIX T, a BCEI0 UX HEYETHOE
YUCJIO — MOJIyYaeTCsd, YTO X0Ts ObI 0JIHO PeOPO, CMEKHOE C X, B MapIIPyT He IMOMIAJIO.

[lepeiijiém Tenepb K JIOKa3aTE/ILCTBY OCHOBHOW MMILIMKAITUU: U3 YETHOCTH BCEX
cTerneHeil CBA3HOTO Tpada caeayeT CyIecTBOBaHNE 3aMKHYTOIO 9iJlepoBa MapIipyTa.
[Iycts R = rg,71,. .., Ty — MapmIpyT MaKCUMAJIHHON JIJIMHBI, B KOTOPBI KaK0e pedpo
rpada G BxoguT He Gosiee ofHOrO pasza. B ciaydae, ecim TaKuX MapuIipyTOB HECKOJIBKO,
TO BbIOEpEM JII000# M3 HUX. YCTAHOBUM JIBa CBOMCTBA TAKOI'O MapIIpyTa, KOTOPbIE U
NPUBEIYT K JIOKA3aTEJIbCTBY CYIIECTBOBAHUS MCKOMOI'O MapIIpyTa.

CsoiicTBo 1. 1y = r,,. lIpeanonoxum nporusnoe. [loBTopss Te ke apryMeHTHI,
YTO U B IIEPBOM ab3alie, MOJIyIUM, YTO MEXKJLY 71 U T, BCTPedaeTcsd YETHOE YUCJI0 PEOep,
CMEKHBIX C T, U €IIE OJHO PeOPO, 7, 17, BCTpeYaeTcsd B KOHIE MapiipyTa. Mroro
Ha MapuipyTe R JIe2KUT HEYETHOE YUCJIO PEOED, CMEXKHBIX C T, & TOCKOJIbKY CTEIEHD
BEPIIUHBI 'y, UETHA, TO €CTh €IIE XOTs Obl OJHO PeOpPO 7,,T, KOTOPOE He JIEKUT Ha
MapiipyTe R. JlobaBuB BepIIUHY T B KOHEI| MAPIIPYTa MOJyYUM MapIipyT OOJIbITeii
JUIMHBI, YTO MPOTUBOPEYUT BBIOOPY R.

CaoiicTBo 2. Mapmipyr R cojep:kut Bce pébpa rpada G. [lomycrum nmpoTusHoe.
[Iycts mHekoTopoe pebpo xy rpada G me yexur na R. Paccmorpum nyth u3 g B &,
KOTOPBII CYIIeCTBYeT B CuIy cBsasHocTu (G M HaiiAéM Ha HEM mepBoe pebpo, KOTOPOoe
He JexkuT Ha R, ecin oHO ecth. OOO3HAUMM ero depes r;z. Eciam Takoro pedbpa Her,
TO BepIINHA T JIeXKUT Ha R, a moroMmy obosHaumMm r; = x u 2 = y. [lo cBoiicTBy 1,
MapIpyT R 3aMKHYTBINA, a MIOTOMY CABUHEM €0 NMUKJINYECKN TaK, YTOObI OH HAYHHAJICS
U 3aKaH4IUBaJICd B Bepiune 1;. JlI0OaBUB B KOHEIL TIOJIyIUBIIETOCH MAPIIPyTa BEPIITHHY
Z TIOJTyYUM MAapIIpyT, JuHHee [, KOTOPBIIl TaKKe COJIEPXKUT KazKJi0e peOpo He OoJiee
OJIHOTO pa3a, uTO MPUBOJIUT HAC K IPOTUBOpEUNIo Bbibopa R. O
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Jlekims 6

JIBynojbHbIe I'padbl, IapocoveTaHUsd
1 PYyHKIIUN

Ilnam:
1. JIBymosbHbIe rpadbl 1 MapoOCOIeTAHIE
2. Teopema Xosia
3% JlokazaresbcTBO TeopeMbl Xosuta |7]
4. Oynkiwn (061aCTh OIIPEJIEIeH s, MHOKECTBO 3HAUEHNIT, 00pa3, MOJIHBI mpoobpas)
5. Orobpazkenust (BCIOLy onpejieiéHHble (DYHKINK): HHbEKIIN, CIOPHEKIINH, OUEKIIIH

6. OrobparkeHns n 3aja49a O HA3HATEHUAX

['pad G(V, E) nasbiBaercss 08Y0oabHbBLM, €CIII CYIIECTBYET PasOUeHIe MHOKECTBA
V na nogmuoxkecrea L u R (V = LUR, LN R = &), Takue 49T0 y KayKJI0ro pedbpa
OJIUH KOHeIT JIE;KUT B L, a Jipyroit B R, T.e. MexK 1y BepmmHamu u3 L HeT pédep, Kak
u Mexk 1y BeprmHamu u3 R. MuoxkectBa L u R naspBaioT doasamu epaga. Boobiie
rOBOpS, B JIBYJOJILHOM I'pade MOXKeT ObITh HECKOJbKO PA30UEeHMIT MHOXKECTBA BEPIITUH
Ha jou. Korjga Mbl roBopuM o JBymosbHOM rpade G(L U R, E) Mbl ogpasyMeBaem,
9TO pasdbueHne Ha 01 3apUKCHPOBAHO.

Heynonbuerii rpad G(LU R, E) HaseiBaercs noansim, ecin £ = {{l,r} |l € L,r €
R}, To ecTh NMOJHBI JBYIOIBHBIH Tpad COMEPKUT BCEBO3MOXKHbBIE (JJIsI JBY/I0JIbHOTIO
rpada) pébpa. [loubiit 1BymO/IbHBII rpad ¢ mo/sIMI U3 M U N BEPIIUH 0003HAYAIOT
gepe3 K, . I'pad 3Be3na —osro rpad K ,.

Jlemma 3. I'pagp deydosvnuiti mozda u moavko mozda, ko2da oH 08YPACKPAULUEAEMDBIT.
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JIBy/to/ibHBIE Tpadbl 9aCTO BCTPEYAIOTCA B 3aJjladax O HazHadeHusx. [lycrs L —
MHOKECTBO TIPOIECCOPOB, a [ — MHOXKEeCTBO 3aJ1ad; MeK/Iy BepIImHaMu | U I eCTb
pebpo, ecsm mporieccop | MOXKeT PeruTh 3aja4dy 7 (B MHOTOIIPOIIECCOPHBIX CHCTEMAX
9TO 3aBUCAT OT MHOI'HX ITapaMeTpoB). BosHukaer ecrecTBenHas 3a/ada: pacupeienTh
3aJla9u 110 Ipoleccopam Haubosiee 3(hbHEeKTUBHO, TO €CTh JOOUTHCS TOrO, YTOOBI KakK
MOYKHO OOJIBITIE 33/1a49 OBLIO PEIIECHO B €JIMHUILY BPEMEHH.

Orta 3ajada U3BECTHA KaK 3ajJada 00 ONTUMAJbHOM IMApPOCOYETAHUN.
Ilapocouwemarue — 310 MHOXKECTBO pedbep M, B KOTOPOM HHU OJHa Ilapa pEdep He
nMeeT 00IIero KoHra. flcHo, 94To mapocoderanne ¢ HAMOOJILIINM YIUCJIOM PEOEp oIpe-
JIesIsieT ONTHMAJIbHOE paclpejiesieHne 3a/iad 1o mporeccopaM. B miaeaabHOM citydae,
[OJTy YU THCS PACIIPEIC/IUTD BCE 389U 110 BCEM IIPOIECCOpaM, TaKOe IapoCcoOvueTaHne
HA3BIBAETCS co8epULeHHBbIM; popmaabao M C E — coBepIlieHHOe TapOCOIETAHNE, €C/TN
Kazkjias BepimHa rpada cMexkHa ¢ HEKOTOPBIM pedpoM u3 M'; BepIIMHBI, CMEeXKHbBIE C
pébpamu n3 M Has3bIBaiOT noxkpwvimuimu M.

IIpumep 9. Ha pucynxke 6.1 npuBeJieHO cOBepIIeHHOE TapOCOYCTAHUE B JIBYI0JILHOM
rpade ¢ gonsmu {a, b, ¢, d} u {w, z,y, z}. Pébpa, BXodIIHe B MapOCOUETAHIE BbIIEJIEHBI

~_°
b ®
@/<@

Puc. 6.1. Cosepirierroe mapocodeTanue

Sameuanwue 2. /lannabie omnpejesieHus O MAPOCOYCTAHUSX CIPABEJIUBBI JIJI TTPOU3-
BOJIBHBIX I'padOB, XOTA MBI U COCPEJIOTOYNMCS Ha JIBYJIOJTbHBIX.

Ectb npoctoe yciioBue, KOTopoe mo3BoJIsieT IPOBEPUTh, €CTh JIU B JABY/I0JIbHOM Tpade
coBepIlleHHoe napocoderanue. YTobbl ero cchopMyImpoBaTh, HAM IIOTPEOYETCd TTOHITHE
okpecraocTr. O603HAUNM MHOIHCECTIBO cocedeti (OKpecMHOCM®) BEPIIIHBL U 4epe3

Nw) ={u|{u,v} € E}.

O6obmuM HOHSITHE coceeil Ha MOAMHOYKECTBO BEPIINH: COCeIN MHOXKECTBA S — 9TO
BEPIINHBI, CMEeXKHbIE XOTsI OBbI ¢ OHON BEPITUHON U3 S 1 He Jiexkalme B S:

NS =[N |\s.

vES
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Bamernm, 4ro B ciydae JaBynoabHOro rpada cupasemso N(S) = [ N(v).
veS

Teopema 6 (reopema Xosia o cBagpbax). B deydoavrom epagde ¢ doaamu L u R

CYWECMBYEM COBEPUWEHHOE NAPOCOULTNAHUE MO020a U MoAbKo mozda, kozda |L| = |R| u
s n0b020 nodmmoscecmsa S C L cnpasedauso

IN(S) = 5]

Jloka3zaTejbCTBO TeopeMbl XO0JLJIa

Jlnst mokazare/ibCcTBa TEOPEMBI HaM MTOTPEOYIOTCs CJIEIYIONIE BCIIOMOTATE/TbHbIE
onpenenenusd. [Iycts B aBymonbHoM Tpade ¢ nonaavu L u R 3aduKcupoBaHO mapo-
cogeranue M. IlyThb 10I0KUTETHHON JIJIMHBI HA3BIBACTCS 4epedyouLuMcst, €CJIi OH
HaYMHAETCsI B HeOKPBHITON M Bepiuue u3 goym L u pédpa IyTH YepeyioTcs MexK Ly
He npuHajiexkamumu M n npunaiexamumu M. Ha puc. 6.2.a jro6oit 11yTh, HaInHa~
FOIINICS U3 BEPIINUHBI 1 SIBJISIETCSI Iepe Ty FOIIMCs.

1 a 1l e ® a

2 [ 2 2 e h

3e c 3 e c

4 d 4 e ® d

L R L R
a) 6)

Puc. 6.2. Yepeayiomue n yBeInaIuBaIONIe Iy TH

W3 onpeenennst 4epeayomerocs IIyTH BBITEKAET, 9TO KazK10e pedpo IMyTH U3 01
L B nomo R ve npunayiexxkut M, a Kaxkpoe pedpo u3 jgoau R B 10110 L NpUHAJIEKAT
(MBI canTaeM, 9To pébpa My TH HAIIPABJIEHBI OT [IEPBON BEPIIINHBL K MOCIEHEN ). 3aMeTHM
TaKzKe, 9TO YepeIyIOIUiics My Th YETHON JJTMHBI 3aKaHINBaeTca B Jose L, a HedéTHOI
JHbl — B j1oie R. Takzke sicHO, 9TO B Iy TsIX HEYETHON JJIMHBI HEMOKPBITHIX pébep (He
BxojsAmux B M) Ha euHuIly GOJIbIIE, YeM IOKPBITHIX. DTU HAGJIIO/IEHNs TPUBOJIAT HAC
K IIOHATHIO YBCJIMYIHNBaIOIIETIO IIyTH.

Yepeayrormuiics myTh HA3BIBAETCA YBEAUNUBAIOULUM, €CTTH OH 3aKAHINBACTCA B
HEIIOKPBITOI BepiuHe. V3 cka3aHHOTO BBIIIE SICHO, YTO TO BO3MOMKHO TOJIBKO B CIydae,
€CJIH TIOCTIeTHSIA BePIIUHA JIEXKUAT B IIPABOM JI0JIe, 1 TAKUM 00pa30M IIyTh Oy/JIeT HEUETHOM
quHbL. CMBIC/T HA3BaHUsSI COCTOUT B TOM, 9TO IIPH 3aMeHe B mapocodeTanuu M MOKPBITHIX
pEGep yBeIMUMBAIOIIEro IIyTH Ha HEIOKPLITLIE, II0JIyYaeTcs mapocoderanue M’ 6oJibinero
pasmepa. [lepes qoKazaTeIbCTBOM 3TOrO YTBEPKICHUA 00pATUMCH CHadAIa K HMHTYUIUH.
Kak Bujino u3 puc. 6.2.6 npu 3amene pédbep paszmep napocoderanus M yBenndauBaeTcs
Ha eJUHUILY U IIPU 9TOM B HEM OCTAIOTCS ITOKPBITHI BCE paHee MOKPBITHIE BePITHHbI
YBEJIMUNBAIOIIETO IIYTH, ¥ IIOMAMO HUX JTO0ABJISIOTCS €€ ITepBasi U MOCIeTHSIA BEPITNHDBI
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nytu. /lokaxkeM, 9T0 3TO OyJ/IeT BBIIOJIHATHCS JIJIsi IPOU3BOJIBHOIO YBEJIMINBAIOIIETO
Iy TH.

Yr1BepxKaeHne 7. Zamena 6 napocovemaruu M ecex nokpuimux pébep ysesunusaro-
wezo nymu P na wenokpumoie npusodum k napocouemaruro M' boavwezo pazmepa.

HokazareabcTBo. Bee Bepimnb! mytu P, OKpbIThie M OCTaHYTCA TOKPBITMU, TTOTOMY
YTO OHM SABJIAIOTCS KOHIIAMU KaK YETHBIX, TaK W HEUYETHBIX pédep P. K moKpbIThIM
BepIIHAM J00aBATCs ellé mepBas U MOCJeIHss BEPIINHBI PP, paHee He MOKPLIThIE B
M (mo onpejiesiennto yBemauatoriero myTtn). Hukakue péopa M, ve Bxojsiue B P,
IIpA 9TOM HE MEHAIOTCH, a KOJIMIECTBO MOKPHITHIX M BEPIUH YBEJIUIUBACTCS, 3SHAYUT
YBEJTMIUBAETCA M KOJUIECTBO PEGEP B HOBOM rmapocoderanuu M. O

Bameuanue 3. OmupeieeHns Yepe Iy OMerocs n yBeTMINBAIOIIEr0Cs Iy Tell CIIpaBe -
BBI U JIJIA Iy Teit JynHbL 1. B 9TOM citydae myTém gBJIsgeTcsa HEIOKPBITOE MapOCOdeTaHIEeM
pebpo (Bo BTOpoM ciiydae 06a KOHI@ 0OsI3aTeIbHO HE MOKPBITHI). IIpoBepbre, 4To
paccy»kJieHns BBITIE U HUYKE MPOXOJIAT U JIJIsT 9TOTO BLIPOXKJIEHHOTO CIydasd.

[Tepeiiiém K J0Ka3aTEIBCTBY TeopeMbl XoJuta. HeobXoauMocTh YeaoBHst OUeBHHA:
€CJIA COBEPIIIEHHOE TapOCOYeTaHnue CYIIECTBYET, TO y KayKJI0W BEPIIUHBLI B JIEBOI H0aU
€CThb yHI/IKaJIbHBIﬁ coceln CiipaBa (HOCTaBHeHHbIﬁ B COOTBETCTBHUEC HapOCOquaHI/IeM);
TakuM obpasom, coorHorenne |N(S)| > |S| cnpasenmuBo mjist 106010 MOJAMHOKECTBA
SCL.

CocpeloTourMest Ha JTOKA3aTeIbCTBE JOCTATOYHOCTH YCIOBUS TeopeMbl. Mbl cBeiéM
€ro K JI0Ka3aTeJIbCTBY JIEMMBI.

Jlemma 4. Ecau M —ne cosepuwennoe napocovemanue 6 06ydosvHom 2page, 0as
KOMOPO20 GHINONHACNCA YCAOBUE Meopembl XO0AAG, MO CYULLCNEYEM NAPOCOYEMAHUE
M', maxoe wmo |M'| > |M]|.

O0bsacHuM, MovYeMy JieMMa SKBUBAJEHTHA JIOCTATOYHOCTH yesaoBus. [Ipeamomoxkmm,
9TO B rpade He CYIIECTBYET COBEPIIEHHOIO TAPOCOYETAHUs 1 BO3bMEM mapocoderanue M
MaKCHUMaJIbHOT'O pa3Mepa. 1orjaa u3 JIeMMbI IIOJIYIUM, YTO CYHIECTBYET IIapocovyeTaHne
M’ Gosbiiero pasmepa, 9To IPOTUBOPEYNT BHIOOPY M.

HokazarenbcTBo jgemMmbl 4. [lockonpKy M He coBepHIIeHHOE NapocodeTaHne, B JIeBOil
JI0JI€ CYIIECTBYET HEIOKpbITasd UM BepmuHa a. O603HaunM yepe3 A MHOXKECTBO BCEX
BepIIUH L, JOCTUKUMBIX U3 @ 9epeLyIOIUMEICS Iy TIMH, a depe3 B C R — MHOKeCTBO
BCEX IIPEIIIOC/IeIHAX BEPIINH STUX IIyTeil.

[TokaxkeMm, 4TO pasMepbl MHOXKecTB A u B coBnamator. Kaxknaa sepmuna us A
JICZKUT Ha KaKOM-TO 9epe.LyIOIIeMCs IIyTH U3 BEPIIUHLL ¢ ¥ B CHIY YéTHOCTH, HOCJICIHEe
pebpo 3TOro Iy TH HpUHAICKHAT Hapocoderannio M. TIoCKoIbKY 11 KasKI0i BepIIuHbI
a’ € A cymecrByer yHuKasbHas Bepmua b € R, takasg uro {a’,V'} € M, to b’ u
€CTh IPeIIoCIeHAs BEPIINHA YePeAyIOIerocs Iy T, a Bepimud b’ POBHO CTOJIBKO 2Ke,
CKOJIKO 1 a'.

Badukcupyem muokectBo S = {a} U A u pacemorpum muOKectBo N (S). fcHo,
aro B C N(S) u [N(S)| > |A] + 1 > |B|, takum 00pa3oM CyIIeCTBYeT BEPIIHHA
be N(S)\ B.
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[Mockoabky b € N(S), T0 b jteKuT Ha YepeyroneMcs IIyTH u3 a: b0 b cMerHa
¢ a, mubo b cMeKHa ¢ HEKOTOPOIt BEPINHON v € A; MOCKOJIBKY ¥ — KOHEI[ HEKOTOPOTO
YepeyoIerocs myTn u3 a, 100aBuB K 9TOMy Iy TH pebpo {v, b} momydanm geperyomuiics
nyTh; pebpo {v,b} He mokpbITO M, HOCKOJIBLKY TOKPBITO pebpo Bejyiee u3 B B v.

Bepimmmnaa b He mokpbiTa napocoderanrem M : nnade u3 b Beio Obl pedpPo B MHOXKECTBO
A u BepmmHa b npuHaIe)Kaaa ObI MHOKECTBY B 110 €ro oIpeIeIeHurio.

Takum oOpazoMm, b JIEXKUT Ha YepeIyIomeMcs IyTH U3 a U He MOKpbiTa M, a 3HAYUT
myTh U3 a B b— yBeamauBatonuii. OTcioma 1Mo yTBepKAeHUI0 7 MoJIydaeM, 9To B rpade
ecTb apocouderanue M’ Gosbiero pasmepa.

| |

— T
~—]
| L—<

—7 |

Puc. 6.3. UnmocTparust K J0Ka3aTeIbCTBY JEMMBI 4

6.1 ®DyHKIUU

C moMOIIBIO JBYAOJIBHBIX IpadOB JIETKO BBECTH OCHOBHBIE TTOHSTHS, CBA3aHHBIE C
dyuknuamu. Haaném ¢ kaptuaok. Ha puc. 6.4 npousocTpupoBana (DyHKIUsA, a HA
puc. 6.5 — He pyHKIHUS.

Y10o0b! pazobpaTbes, 9TO OTANYAET (DYHKIMIO OT HeYHKIIUN PUBEIEM OIIPE I/ IeHNe
dyukun. Hedbopmanbuo, hynxyuus — 910 3aKOH, KOTOPBI CTAaBUT B COOTBETCTBHUE 3JIe-
MeHTaM MHOXKeCTBa X 3JIEMEHTHI MHOYKECTBa Y ; KaxKJIOMy JIEeMeHTy T € X IOCTaBJ/IeH
B COOTBETCTBUE He 0DoJiee, YeM OJIUH IJIEMEHT Yy U3 MHOKecTBa Y . Vcmob3yeMble HaMM
GYHKIMY HA3BIBAIOTCS YACMUYHO ONPEJEAEHHBLMU TITH YACTNUYHBLMU , TIOCKOJIBKY
He 00s13aTe/IbHO I KaXKJI0To & € X OIpeJIe/IEH COOTBETCBYIONuil eMy y € Y.

loBopuTh 0 pynkImu 60JIee MPABUIBLHO C ITOMOIILIO OPUECHTHPOBAHHBIX I'pados. B
OPUEHTUPOBAHHOM T'pade pedbpa — 3TO yHOPsI0UYeHHbIE Taphbl BEPIIUH, T. €. Ha peOpax
ecthb cTpesiku. [lo anajgornn ¢ HEOPUEHTUPOBAHHBIM I'PaOM BBEJIEM MTOHATHSA CTEIICHH
BepIuH U (MHOXKeCTBa) cocejieil Jyist opuenTupoannoro rpada. [Tockoabky pédpa
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Puc. 6.4. Oyuknus f Puc. 6.5. He pynkmnus

UMEIOT HAIpPaBJIEHNEe, TO Mbl Pa3JIesisieM UCXOAsIyo crenedb dy (v) (Yucao BeprmH
JIOCTUKUMBIX U3 U TI0 OJIHOMY peOpy) ¥ BXOJSIYIO crenenb d_(v) (qucity BepiiuH, u3
KOTOPBIX 38 OJIMH IIar 1o pebpy MOXKHO JI06pPAThCst JI0 V), a TaK¥kKe MHOYKECTBA IPABBIX
u JieBbIX coceneit Ny (v) u N_(v); olpeesenus cocesieil IIepeHoCATCs Ha MO/MIO0KECTBA
BEPIIMH TaKxKe, KaK U B C/Iydae HEOPUEHTUPOBAHHOTO rpada.

W3 onpeseniernn (yHKIWME SICHO, YTO OHA IPEJICTABUMA C IOMOIIBIO OPUEHTHPOBAHHO-
ro JIBY/10JbHOrO Tpada (B JIeBoil 101 BCe JieBble KOHIIBI PEGEp), B KOTOPOM MCXOJIsIIas
CTEeleHb KazKJI0l BEPIIUHLI JIEBOM [0/1 He OOJIbIIe eIUHNALBL; I'Pad IPU 3TOM MOXKET
OBbITh U OECKOHETHBIM.

O6o3raunM dyepe3 f MHOXKeCTBO pébep rpada, 3amaromero ¢pyakimuo [ u3 X B Y
torga (x,y) € f osnauaer, uro f(z) =vy. [lycts G(X UY, f) —rpad, mia byuknun f.

Beesém ¢ omoripio By 1016HOTO rpada 6a30Bble OlpeJIeIeHIs, CBA3aHHbIE C (DYHK-
USIMI U pa30epéMest ¢ HUME Ha npuMepe pyHKIun Ha puc. 6.4. Pekomenayem dnraresio
CaMOCTOSITE/IBHO CJIeJIaTh YIIPpaXKHEHUe HUKe, TPEXK/Ie 9eM IIePEXO/IUTh K OTBETY.

e Obaacmuviro onpedeaenus Dom(f) C X HasbiBaeTCsl HOMHOKECTBO BEPIIHH C
HCXOJIAMIei crenenbio 1 (moamuoKecTBo X, Ha KOTOPOM ompesesieHa QyHKIms f).

o Mmnootcecmeom 3naveruts Range(f) C Y HasbiBaeTcs MOIMHOXKECTBO BEPIIHH
¢ BXoJdEit crenenpio 6obiie 0 (o MHOKeCTBO Y BCEBO3BMOXKHBIX 3HAUCHU f).

e O6pazom f(A) muoxkectBa A C X Ha3bIBAIOT MHOXKECTBO 3HAYEHUIl, KOTOPBIE
npunuMaer [ Ha HOAMHOXKeCTBe A; Ha a3bIKe rpadoB — 3TO MHOXKECTBO IPABBIX
cocezeit N;(A):

J(A) ={y| 3z € A: f(x) = y} = Ny (A).

o IToanvim npoobpasom f~1(B) muoxkectsa B C Y Ha3bIBAIOT MHOMKECTBO 3JI€-
MeHTOB X, 3HadYeHNe (DYHKIMN Ha KOTOPBIX JIEKUT B I3; Ha a3bIKe rpadoB — 3TO
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MHOXKECTBO JIeBbIX coceneit N_(B):
f7U(B)={z|WeB: f(z)=y}=N(B).

Ecmm f(z) = y, To ajeMeHT y Ha3bIBAIOT 006PA30M SJIEMEHTA T, & SJIEMEHT T
Ha3LIBAIOT NPo06pasom sneMenta y. U3 onpegenennii ciaemyer, uro Dom(f) = f~1(Y),
a Range(f) = f(X).

Qyukiuio Ha puc. 6.4 Tak:Ke MOXKHO 33/1aTh C ITOMOIILIO 0003HAYEHUS X — Y-

f:l—a, 2—0b 4—0b 5b—d 6+—d T—d.

Yupaxkuenue 4. Haiiure mis yaxmun f Ha puc. 6.4 0ob1acTh ONpeiesIeHus, MHO-
JKeCTBO 3Havenuii, obpas muoxkecrsa A = {1,2, 3,4} u nosiHbiil mpoobpas MHOKECTBa

B ={b,c,d}.

Orsetr: Dom(f) = {1,2,4,5,6,7}, Range(f) = {a,b,d}, f(A) = {a,b}, f7YB) =
(2,4,5,6, 7).

Bameuanue 4. He ciemyer nytarh obosnadenne f~! ¢ obosHauenueM Jis 06paTHOM
dyurmuu. lomHbril mpoobpas onpeaenén s mpon3Bo/bHONl GyHKIIU. O IMHAKOBBIE
00O03HaveHNs HeCTyJailHbl: eCJIN TOJHBIN MPooOpa3 KaxKI0ro 3JIEMEeHTa § COJEPKUT He
boJiee OJIHOrO 3jIeMeHTa T, TO pyHKIuUs [ obparuma, u oOparHad K Hell DYHKIHUA ¢
onpegenstercs Kak g(y) = x, rae z € f1(y).

6.2 OrtobpakeHus

B cnyuae Dom(f) = X, dyuknus f naspiBaercs 6ctody onpedeaénnoti nin
omobpasicenuem'. Sanuch [ : X — Y oznadaer, 4To f BCIOJY olpejeJieHa.
Cpein 0T0OpaXKeHuil BIJIEISIOT CJIEIYIONINEe TPU BaXKHBIX BU/JIA.

Onpepenenne 1. Orobpaxkenne f : X — Y HasbiBaeTcs unsexyued, eciu f(z) #
f(z") npu x # /. B repmunax rpada, 370 03HaYAeT, YTO BXOJASINIAA CTENeHb KazKI0r0
y € Y He IPEBOCXOIUT €JINHHUILY.

[Ipumepbl UHBEKIUY U HE MHBEKITUU ITPUBEJICHBI Ha, puc. (.6.

Onpenenenune 2. Orobpaxkenue f : X — Y nHasbiBaercs cropsekuyuedi, ecim y
KazKJIOrO 9JIEMEHTa Y CYIIecTByeT mpoobpas, T.e. Range(f) = Y uam 4ro 10 )e camoe
VyeY Jz € X : f(z) =y. B repmunax rpada, 9170 03HaIaET, 9TO BXOJAIIAs CTEIEHD
KazKJI0oro y € Y OoJibllie HYJIA.

[Ipumepsl CIOpBbEKIUU U HE CIOPbEKITUU ITPUBEIeHbI Ha puc. 6.7.

Onpenenenne 3. Orobpaxkenne f : X — Y HaspiBaercs buexyueti, €CJIM OHO sIBJIS-
€TCd UH'bEKIIMEN U CIOPBbEKITAENA.

N3 onpeenenus OUeKIuu gcHO, 9TO KazKjad Bepiaa X u Y UMeeT eJIMHUYHYIO
HCXOSAINIYIO U BXOJIAILYIO CTEIIeHb COOTBETCTBEHHO. 10 eCTh OMEKINs yCTaHABINBAET
B3aMMHO OJTHO3HAYHOE COOTBETCTBUE MexK 7y MHOkecTBaMu X u Y. IIpumep Ouekin
1puBeIEH Ha puc. 6.8.

!B pasHBLIX 00/IaCTIX MATEMATHKH IIOJ TePMUHLI (PYyHKITUE U OTOOPAYKEHHS PE3ePBUPYIOT PA3HBIC
MOHATHUS; Oy/IbT€ BHUMATEJbHBI IPU YTEHUU MATEMATHIECKOU JIUTEPATYPHI.
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0t

Puc. 6.6. abekius n He UHHEKIUA

0%

Puc. 6.7. Cropbekius u He CIOPBEKITUSI

X Y

Puc. 6.8. Buekius
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6.3 PyHKIUHN U 33Ja49a O HA3HAUYEHUIX

BepréMmes K 3a/1a4e 0 pacupeIeseHns 3a1a4 1o Ipoleccopam. B Heil 3a1aH ABy10/b-
Hbl rpad, KOTOPLIA 3a/1aéT OrpaHnyeHrs Ha Ha3HAYEHUs 3a/a4 mpoleccopaM. J11o6oii
nojrpad sroro rpada, 3agatomuii GyHKINIO, CTABUT B COOTBETCTBUU KAXKJIOMY ITPOIEC-
COPY POBHO OJIHY 3a/ia4dy, HO Pa3HbIM IIPOIECCOPAM MOI'YT ObITh HA3HAYEHBI OJINHAKOBbIE
3a/1a41.

Eciu kazkioMy mporeccopy HaszHAaYeHo 110 3ajade, TO 3Ta (DyHKIUs — 0ToOpazke-
uue. Eciin BMecTe ¢ 9TUM pa3HbLIM IIpoleccopaM Ha3HaYeHbI pa3Hble 3aJa4d, TO 9Ta
dyHKIMST — UHbEKIHA. K KaXK oMy IpoIeccopy Ha3HAYEHO 110 3aJlade U KarK1ast
3a/1a4a Ha3HadeHa KaKOMY-TO IIPOIECCOpY, TO 3Ta (DYHKIINA — CIOpbeKIus. B nieaaibHOM
cilydae, KaxkKJIOMy IIPOIEcCOpy Ha3HadYeHa CBOsI 3aJla4Ua U paclpejiesieHbl Bee 3a/iadi: B
9TOM cjiydae (PyHKIUsS — OUEKITH.

B ciaydae, ecim He KarzkJIOMy IPOLECCY HOJIYYAeTCs HA3HAYUTH 38149y, TO BMECTO
TOro, 9TOOBI CYUTATD, UTO 3a/iaHa He BCIOY onpejenéunas Gyuknus f u3 L B R MOXKHO
cauTaTh, 9TO 337aH0 orobpaxkenue f : A — R, rme A = Dom(f) C L. 1o yao6HO,
9TOOBI MTOJIB30BATHCSA TOHSITUSIMU UHBEKIINU, CIOPBEKIINN 1 OUEKITIH.

Urak, 3a1ada o HazHaueHUn (OHA K€ O TOMCKE MAKCHUMAJbHOIO MapOoCOveTaHuUsl )
CBOJIUTCS K MTOUCKY MHBEKIIUHU C CaMOil OOJIBINOI 00/1acThio onpeienenns (eé pazmep
paBeH KakK YUCJIy IIPOIECCOPOB, TaK M UUCIIy PACHpPEJIEIEHHBIX 3a/a4). B umeasne Bce
3a/1a"U PaCIpe/IesIeHbl, B 9TOM CJIydae HafijieHa ciopbekius; ecan ke |L| = |R| u Bce
3a/1a9K PacIpeIesIeHbl TI0 BCEM ITIPOIECcopaM, TO HAMJIEHO JIydIlee peleHne — OUeKIHs,
KOTOpast COOTBETCTBYET COBEPIIEHHOMY MAPOCOYETAHMIO.
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Jlekimsa 7

Kombunaropuka 1. IlpaBmniaa cymMMbl 1
IIPOU3BEICHU S

ILnan:
1. OrobpaskeHust 1 MOACIETHI
2. IIpaBuio cymMMbI
3. IlpaBusio npoussejieHus. Buekius ¢ 1eKapTOBBIM ITPOU3BEIEHIEM MHOXKECTB
4. Yucao c1oB JJIUHBL 1 HaJL aIDaBUTOM U3 Kk CHMBOJIOB
5. IlepecranoBku
6. [loacuér KoymmyecTBa CJIOB JIUHBI k ¢ pa3HbIMU OyKBamu. Pasmerienus

7. Yucao couerannii. KomndecTBo k-3 MEHTHBIX ITOAMHOMKECTB N-3JIEMEHTHOIO MHO-
JKeCTBa,

8. IMoacuéTsl ¢ KPATHOCTHIO: CKOJIBKO PA3JUIHBIX CJIOB MOXKHO COCTaBUTH U3 CJIOBA
«Maremarukas 7

9% J/IuckpeTrHas BEPOSTHOCTH

Kombunaropuka — pasjiesn MareMaTnKy, U3yvalonuil JUCKPeTHbIe 00bEKThI, TAKUe
KakK (KOHEYHBIE) MHOXKECTBa, (DYHKIWH, rpadbl, U IPyrue 00bEKThI, ¢ KOTOPBIME HAM
emIé MPEJICTOUT IMMO3HAKOMUTHCA. [lepednciinresibHas KOMOMHATOPUKA COCPEIOTOYEHa Ha,
3ajladax o rnepedncieHun u mnojcuére. [Ipeamer rnepuancimrebHON KOMOMHATOPUKA
MOZKET Ha IIePBBIIl B3IJIA]L I0Ka3aThCA HeJIEIbIM: €CJIM Yy HaC €CTh KOHEYHOEe MHOXKECTBO
O0BEKTOB U HaM HYZKHO IOJICYUTATH X KOJUYECTBO, TO JIABAiTe IIPOCTO BBLIIUIIEM BCE
O00BEKTHI U 3aHYMepyeM ux!
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O0bsicHIM B 9éM BO3HUKAET IpodieMa. JomycTiM Bbl XOTHTE HANTH IUCIIO JBOMIHBIX
cioB jumHbL 10. x 1024 n BBINKUCBHIBATHL B P/l BCE JIBOUYHBIE CJIOBA OYIET JTOBOJIHBHO
YTOMHTE/IBHO, & €CJIM MEePEeHTH OT JIeCSITH K Thicade, TO yKe cjaabo peamuctuaro. C
IepuUvIncIeHueM TOXKe He BcE ObIBaeT mpocTo. /Jlomyctum, Hy»KHO Iepeduc/;inTh BCe
5-s71eMeHTHBIe oAMHOKecTBa 100-3/1eMEHTHOTO MHOYKECTBA. DTO PeabHO CAeIaTh: UX
Bcero 75287520, Ho Kak ux nepedpars? [lepeuncisaTs Bee OAMHOKECTBA CTO3JIEMEHTHOTO
MHOKeCTBa, ILJIOXast UJiesd — UX IUCJI0 OI'POMHO:

1267650600228229401496703205376.

s mojcuéra u nepedbopa KOMOMHATOPUKA UCIOIb3YET CBA3b MEXKJIY Pa3THIHBIMU
JIUCKpeTHBIMU OObekTamu. Hampumep, Kak MOACIATATh YUCIO0 BCEX ITOJIMHOYKECTB 11~
QJIEMEHTHOI'O MHO)KeCTBa? BMeCTO TOoro, LITO6bI CHUTATDb ABHO, JOKazKeM, 9TO UX CTOJIbKO
2Ke, CKOJIbBKO M JBOMYHBIX CJIOB AJIMHBI 71 U3 Z[BOI/I“IHOfI CUCTEMDBI CHUCJIEHUAd MbI 3HAEM,
9TO0 HocjeaHux 2™.

YrBepxkaeHue 8. Yucao nodmHorcecme n-sneMeHmHo20 MHOHCECNEA COBNAJAEM, C
YUCAOM 08OUYHBIL CAOE OAUHDL TL.

JlokazareabCcTBO. 3aHyMepyeM 3JIeMEHThl MHOXKECTBa OT 1 JI0 n U IMOCTaBUM KarKJIOMY
MTOJIMHOZKECTBY S B COOTBETCTBUE JIBOUIHOE CJIOBO Wg IO CJIEAYIOMIEMY IIPABUIY: €CJIH
1 € 5, 10 i-it Our wg pasen 1, unadge 0.

MpbI nocTponi 0ToOpazkKeHne n3 MOIMHOYKECTB N-3JIEMEHTHOI'0 MHOXKeCTBa B CJIOBA.
DT0 oTOOparKeHme UHBEKIN: ecyin S; # Sy, TO CYIIECTBYeT 3jieMeHT i € S A Sy u
B OJIHOM W3 CJIOB Wg,,Ws, Ha i-M MecTe Oymer croarh 1, a B npyrom 0. fcno, 4To
9TO 0TOOPaAXKEHUE CIOPBHEKIUS — 10 KaXKJIOMY JBOMIHOMY CJIOBY JIEFKO BOCCTAHOBUTD
IIOAMHOZKECTBO. MbI JO0Ka3aJikn, 9YTO yCTaHOBHWJIA 6I/IeKHI/IIO MeKJ1y IIOIMHO2KEeCTBaMU
N-3JICMEHTHOI'O MHO2KECTBa U JIBOMYHBIMHA CJIOBaMM JJIMHBI 71, a SHAYUT UX KOJIMYIECTBO
COBIIaIA€eT. O

7.1 OTtobpaxkeHus n IOJCUYETHI

[Ipu jokazaTeIbCTBE YTBEPKIECHUS 8 Mbl HEMHOTO 3a0€KaJii BIEPE)T, alelInPOBAB
K OYEBUIHOCTH TOI'O, YTO €CJIM MKy KOHEYHBbIMU MHOKecTBaMu A n B ecTh OGuekims,
TO YHUCJIO UX JIEMEHTOB COBITaJIacT. B 3TOM pasjesie Mbl 3aII0JTHUM JIAKYHBI.

JlomyctuM y HAC eCThb JiBa KOHEUHBIX MHOXKecTBa A 1 B 1 HaM MHTEPECHO y3HATh,
B KAKOM M3 HUX OOJIbINE 3JIeMEHTOB (MJIM yCTAHOBUTD, 9JIEMEHTOB MOPOBHY ). BoBce He
00s13aTeJIbHO MTEPETHC/ISITh Bee 3j1eMeHThl. Hampumep, ecim MHOKeCTBO A — MHOXKeCTBO
CTYJIEHTOB, & B — MHOXKEeCTBa, CTYJIbEB, TO, YTOOBI y3HATH MOIIHOCTH KAKOTO MHOYKECTBA
60JIbIIIe, TOCTATOYHO PEJIOKUTH CTYJCHTaM 3aHATh CTY/Ibd. Ecu octanuck ¢cBoOOTHBIE
CTYJIbsI, TO OOJIBITIE CTYJILEB, €CJIM OCTAJIMCH CTOSAIINE CTYJIEHTBI, TO OOJIBITIE CTYJIEHTOB.
B nepBomM citydae ObLia MMOCTpOeHA UHBHEKIUA U3 MHOYKECTBA CTYJIEHTOB B MHOXKECTBO
CTYJIbEB, & BO BTOPOM — MHBEKITUS U3 MHOKECTBA CTYJILEB B MHOXKECTBO CTYy/IeHTOB. Ecim
CTYJIEHTOB U CTYJIHLEB 0Ka3aJ10Ch IIOPOBHY, TO OblIa ycTaHoB/IeHa Ouekius. Popmauzyem
3TOT MpPUMEP.
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JIemma 5. ITycmv A u B — kKoneunvie HENYCMbe MHOHCECTNEA.
o |A| < |B| <= cywecmsyem unsexyus uz A 6 B;
o |A| > |B| <= cywecmsyem cropsexuus uz A 6 B;

o |A| =|B| < cywecmsyem buexyus uz A ¢ B.

ITpumep 10. Yero 6osbire: pazbuenmii uncsia 11 Ha 4 craraeMbIX Win ero pasdoueHuii na
ciaraemMblie He TipeBocxosmniue 47 Pa3duenusi, oTImdaonmecs mepecTaHOBKOM Cl1araeMbIxX
Oy/ileM cYnuTaTh OJIMHAKOBBIMU, TAKUE KakK b +3 +2+2u 2+ 3+ 2+ 5.

QopmasinsyeM 3a1a1y. Pagdbueruem 1MoaoKATEILHOIO EJI0T0 JUCIa N Ha cJiarae-
MbI€ Ha3bIBAETCH MOCJIE/IOBATEIbHOCTD YUCENT T1 = Ty = ... = Ty, TaKad 9To T; € Ny
Un=2x + T2+ ...+ Tp; IOCKOJLKY IOPAJOK CJlaracMbIX HEBarkKeH, JJIsI KazKJI0I'0
paszouenusi pUKCUPyeTcss OAUH U3 mpejctaBuTesneii. /[jig orsera Ha BOIPOC ITOCTaBUM
KaXkJIOMy pa30MEeHUI0 B COOTBETCTBHUE KapTUHKY, KOTOpas HA3bIBACTCS JTUATPAMMOI
FOwnra. Ha puc. 7.1 npuBenennl guarpammbl FOHra s pasouennii 5 +3 +2 +2 u
44+4+2+14+1:

Puc. 7.1. Tuarpammer FOnra

Yucs1o KJIETOK B 2-011 ¢cTpoke auarpaMMbl FOHra coBIIaIaeT ¢ i-bIM ciraraeMbiM. Takmm
00pa3oM Mbl YCTAHOBIJIA OMEKITNIO MKy pasdmeHusMu u auarpamvamu FOmra. Yucsto
KJIETOK B JIUArpaMMe COBIIAIAET ¢ Pa30UBAEMbIM YUCJIOM 1; KOJTUYIECTBO CTPOT COBIIAIAET
C YHUCJIOM CJIaraeMbIX, & KOJIMYECTBO CTOJIOIOB PaAaBHO MaKCHMAJJIHLHOMY CJIAraeMOMY.

Onpenenum Ha auarpamMax FOHra oneparuio TpaHCIOHHPOBAaHUs, 110 aHAJOTHHU C
TPAHCIIOHUPOBAHUEM MATPHUIL: TEOMETPUYECKU TPAHCIIOHUPOBAHUE COCTOUT M3 TIOCJIe-
JOBaTeIbHBIX IIPUMEHEHN TOBOpOTa HasieBO Ha 90° m oTparKeHns OTHOCUTEIHBHO OCH
Oz.

Jlnarpammel Ha puc. 7.1 moyrydaroTes u3 JpyT JApyra TpaHcroHupoBaHueM. O4deBuIHO,
YTO TPAHCIIOHUPOBAHUE 3aJ1a€T OUEKIIUIO MEXK/Iy MHOXKecTBOM Juarpamm FOnra ¢ n
KJIETKaM# ¢ He Oojiee, deM k cToKaMu, U MHOXKecTBOM juarpamm FOHra ¢ n KierkaMm
u He OoJiee YeM k cToJIONaMU. YCTaHOBUB OMEKITUIO MEXKJIy STUMU MHOXKECTBAMU MBI
MOJIYYHUJIN, 9TO B HUX OJIMHAKOBOE YHCJIO 3JIEMEHTOB, YTO 03HAYAET, UTO KOJIUIECTBO
pasbuenwuit yucsaa n Ha He Oosiee UeM k cjaraeMbIX COBIIQJIAeT C KOJUIECTBOM Pa3sOUEHMIT
qucaa n Ha cjaaraemble, He IpeBocxojsiue k.
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7.2 IlpaBuio cymMmbl

IIpasuno cymms, CTAHOBUTCS OYEBHTHBIM TIOC/IE U3YUeHUsT Teopun MHOKecTB. OHO
IJIACHAT, 9TO €CJIM KOHEeYHble MHOXKecTBa, A m B He Iepecekaiorcsi, TO MOIIHOCTb UX
00beIMHEHNST COBIAIAET C CYMMOI MOIIHOCTEI:

|[AUB| = |A|+ |B|, ectu ANB = @.
B obmiem ciryuae, u3 quarpamm Ditiepa-Benna jerko mosrydnTs, 9To
|AUB| = |A| +|B| — |AN B|.

ITpumep 11. Haiijiém ¢ momornpio mpaBujaa CyMMbI KOJUYECTBO YETHIPEX3HATHBIX
qucesn. Obo3naunM dyepes A MHOXKECTBO YeTHIPEX3HAYHBIX YNCE, a Yepe3 B MHOKECTBO
qpnces ot 1 10 999. Torna ob6beunenue A U B cocrout u3 umncen or 1 10 9999. fcuo,
qro |B| =999 u |[AU B| = 9999, orciona |A| = |AU B| — |B| = 9000.

7.3 IIpaBujio nmpousBeaeHUd

IIpasuso npousdsederus hOpMyIUPYETCs HA €CTECTBEHHOM SI3BIKE CJIe LY FOIIUM
obpaszom. Eciiu ecTb n 00BbEKTOB IIEPBOTO TUIIA U TTOC]IE BEIOOPA JII0O0I0 00bEKTa TIEPBOTO
THUIIA MOYXKHO BBIOpATh M OOBEKTOB BTOPOI'O THUIIA, TO BCETO €CTh 1. X M CIOCODOB
[I0CJIEIOBATEILHO BBIOPATH EPBBIi 1 BTOPOil OOBHEKT.

ITpumep 12. Haiiiém KOJMIECTBO JABY3HAYHBIX YHCE] C TIOMOIIBIO ITPABUJIa IPOU3BE-
nernst. Crapimmit paspsy 9ucaa MOXKeT ObITh JIF000i 1mdpoit or 1 10 9 a mtaammit —
nudpoit or 0 10 9. Takmm obpazom ecTb 9 cOCOOOB BHIOPATH CTAPIIUil pa3ps/l U MOCTe
KaxKJI0ro Beibopa ecThb 10 crmocoboB BLIOpATh MJAIIINN pa3psa. VToro JaByxX3HATHBIX
quces 90 1o mpaBuly IPOU3BEICHUA.

[IpaBuio nmpoussBeieHns JIETKO 0000IAeTCs M0 MHAYKIMA Ha Kk 1Toc/Ie0BaTe IbHBIX
BbIOOPOB. Ecinm o0beKT mmepBOro Thia MOXKHO BBIOpaTh Mq CIIOCODAMH, IIOCJIE Tero
BTOPO#1 06BEKT MOXKHO BBIOPATH Mg criocobamu u T. 1. (k-blit 00bEKT MOYKHO BBIODATH
N crocobaMn), TO BEIOPATH MOCJIEI0BATEIBHO k 00BEKTOB MOXKHO 7y X Mg X ... X Ty
crrocobamu.

Tak aHAJOTMYIHO MMOJACYETY ABYX3HAYHBIX YUCET MOYKHO IOJCYUTATH KOJIMIECTBO
TPEX3HAYHBIX YHUces U k-3HAIHBIX ducesr. OcrapisgeM oOIMmil caydail auTaTesio B Kade-
CTBE YIpPayKHEHU.

[Ipu epBoM 3HAKOMCTBE C IIPABUJIOM IIPOU3BEJICHNSA CO3AAETCS BIIeUaT/ICHHE, ITO
I1ocJie/IoBaTe/ IbHbIe BHIOOPHI 00bEKTOB JIOJIZKHBI ObITh HE3aBUCHUMBI, HO 9TO HE TakK.
PaccmorpuMm crterytommuit mpumep.

ITpumep 13. g jpexxypcTBa Ha IepeMeHe YIUTETI0 HY»KHO BBIOpaTh M3 KJIacca,
B KoTOpoM 20 9YeJIoBEK, JIBYX JIEYKYPHBIX — CTaPIIEro JAezKypPHOrO W €ro MOMOIITHHUKA.
Tpebyercst HARTH YUCIO CIIOCOOOB ITO CJIEIATD.

W3 npumenenust mpaBuia mpousBeaennst moaydaem orser: 20 X 19 = 380. Ormernm,
YTO TIOCJIE BBIOOpa CTapIIero Je:KypHOro Bcerja OyJer 19 BapuaHTOB BBIOOpaA €ro
MTOMOTITHUKA, HO MHOYKECTBA 3TUX BAPUAHTOB OTJINYIAIOTCA JAPYT OT JIpyra — B HUX BCETJIa
OTCYTCTBYET TOJIbKO BBHIOPAHHBIH CTAPIIN JI€3KYPHBIA.

[Tporecc nocsenoBaTe/IbHO BHIOOPA MOXKHO HMPOUJLTIOCTPUPOBATE C TIOMOIIBIO JIEPeBa
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Puc. 7.2. JlepeBo nocienoBaTeibHBIX BHIOOPOB

Kakas oreparnusa Ha MHOXKeECTBaX COOTBETCTBYET MPABUIY IIPOU3BeIeHUs! DTa
orepaliist Ha3bIBaeTCs JeKapTOBBIM IIpOU3BeeHneM. Jexapmosvim npou3sedeHuem
MHOXKeCTB X 1 Y Ha3bIBAeTCSA MHOXKECTBO YIOPSIOYEHHBIX AP 3JIEMEHTOB U3 MHOYKECTB
X 1Y cooTBeTCTBEHHO:

XxY={(z,y)|zeX, yeY}

Nms Jlekapra 3HAKOMO YHTATENIO CO IMIKOJBHOI CKAMbH IO JIEKAPTOBOii cucreMe
KoopymHat. JlekapToBa cucTeMa KOODUHAT NLIIOCTPUPYET TeOMETPUIECKH JEKAPTOBO
npoussejieHre MHOKecTB R X R (puc. 7.3).

Y

Puc. 7.4. IlekapToBO mpon3BeIeHne KOHETHBIX
Puc. 7.3. IlekapToBo npoussenenune R x R MHOXKecTB

[Ipomnmoctpupyem rpadudecku eKapToBo ponsseerne Muoxkects A = {1,2, 3,4}
u B = {a,b,c}. U3 puc. 7.4 BuHO, 9TO MOITHOCTH MHOXKeCTBa A X B ecTh mpousBejieHne
morrocreit Mmuoxkects A u B: |A X B| = |A| x |B|. Ha puc. 7.5 nekapToBo npoussejieHune
[IPOUJLIIOCTPUPOBAHO B BUJIE JIepeBa, KOTOPOE MOYKHO pacCMaTpPUBATL KaK JIEPEBO
[I0CJIe/I0BATEJIbHBIX BHIOOPOB.
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(La) (1,b) (L) (2,a) (2,0) (2,¢) (3,a) (3,0) (3,¢) (4,a) (4,0) (4,0

Puc. 7.5. Unmocrpanus nekapToBa IMIPON3BEICHUS UePE3 IEPEBO

®opMaILHO MPABIIIO MIPOU3BEICHNS MOKHO OIPEICINTL Yepe3 GHEKIINIO ¢ JeKapTO-
BbIM mpousBejiennem: nyctb A = {1,... ,n}, B ={1,...,m}; eciu cymecrByer Guekius
mezkty muoxkectsamu C'u A x B, 1o |C| =n x m.

Ilomcuér cjioB, mepecTaHOBOK, pa3MeIleHnil 1 MOJIMHOXKECTB

C2080 —9T0 KOHEUHAsI TTOC/IEIOBATE/IBHOCTD CHMBOJIOB, KOTOPBIE B CBOIO OY€pElh
OTIPEJIETISIIOTCA KaK 9JIEMEHThl KOHETHOI'0 MHOYKecTBa — asgdasuma. B zaBucumoctu
OT 3aja4u, o1 aidaBUTOM U3 k CHMBOJIOB YacTO yI0OHO MOHUMATH MHOXKeCTBO [k|g =
{0,1,...,k — 1} wm [k]; = {1,...,k}. IlepBoe mose3no npu pabore ¢ cucTeMaMU
caucieHus. Bpilie Mbl yCTaHOBUJIN, 9ITO CJIOB JIIMHBI 1 HAJI JIBOMIHBIM ajihaBuToM 2.
B obrmem cirydae, 9Uc/Io CJIOB JJIMHBL 1 HAJT k-UIHBIM aihaBUTOM paBHO k™ 1O MpaBUITY
MIPOU3BEJ/ICHUA: Ha MEPBYIO MO3UIMIO MOXKHO TIOCTABUTH JIIOOYIO U3 k OYKB, TI0C/IE Yero
JII00y10 3 k OyKB MOXKHO IIOCTaBUTb Ha BTOPOE MECTO U TaK BILJIOTH J0 N-Oii.

Y1008 Jiydlle MOHATH IPUPOLY MOCTCAYIONNX 00bEKTOB, Oy/IeM pelraTh eCTeCTBEH-
HbIE 38JIa9H, B KOTOPBIX OHHU MOTPEOYIOTCS.

ITpumep 14. B memke ecTb n pa3HbIX MIAPOB U HY?KHO PACCTABUTH UX BCE HA MOJIKY B
psia. CKOJIBKO eCTh CIIOCODOB 3TO CHAEIATh?!

Bocmosayemest ipaBuioM pon3BeJIeHus: Ha TIePBOe MEeCTO Ha IOJIKE MOXKHO ITOCTa-
BUTbD JIFOOOI M3 N IIapOB, MOCJE HENO MOXKHO IIOCTABUTH JII000M 1 — 1 M3 OCTaBIINIXCSI,
3aTeM 1 — 2, U TaK BILUIOTH JO IIOCJIE€IHEro, JJisi KOTOPOI'O OCTAETCHA €IUHCTBEHHBIN
BapuaHT.

Wrak, moaydniocs Ipon3BeIeHne 9rucel OT 1 10 1, KOTopoe Ha3bIBAIT harmopua-
AOM GHCJIa 7L U 0D03HATAIOT

nl=nxm—-1)xn—-2)x...x1,
pu 9Tom cunraercs, uro 0! = 1.

Perterne 3a1aqu MOYXKHO CBECTH K IOJICIETY CJIOB crienuaabHOro suga. CiaoBa Hal
andaBUTOM [n|; JUIMHBI 1, B KOTOPBIX BCE CHMBOJIbI pa3Hble. Takue CJI0Ba Ha3bIBa-
I0TCS nepecmaroskamy,. Pa3oOpaBIich ¢ NIPUMEPOM, MbI YCTAHOBUJIU, 9TO UHCJIO
[IEPECTAHOBOK €CTh N!.
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IIpumep 15. B mernke ecTb 1 pa3HbIX MIAPOB U HY?KHO PACCTABUTDL k U3 HUX HA TOJIKY
B psizi. CKOJIBKO €CTh CIIOCOOOB 3TO CIEIATh !

Permmenne sToit 3a7a4n o4YTH HE OTJIMYAETCS OT IMPEIBIAYINENH, TOJbKO HYKHO B
[IPOM3BEIEHIH OCTAHOBUTLCS TIOCTE Kk-Oro Iara.

B tepmunax ciioB, Tpebyercs HaNTH KOJIHYECTBO CJIOB JIMHBL k Has aadaButom [n);,
B KOTOPBIX BCE CHMBOJIBI pa3Hble. Takue cjioBa Ha3bIBAIOTCS PA3MEULEHUAMU T JITI
X KOJIMYEeCTBA HUCIOJIB3YIOT 0003HAUEHUS

n!

Aﬁ:nx(n—l)x(n—Q)x...x(n—k—i—l):m.

O6osnauenue A® nasbisaerca unciiom pasmerienuii («A» or arrangement).

ITpumep 16. B mernike ecTbh n pa3HbIX MAPOB U HYKHO MOJIOKUTH Kk U3 HUX B JIPYTOi
MemtoK. CKOJIBKO €CTh CIIOCODOB 3TO CHeIaTh?!

Hauném ¢ dpopmanuzamun 3agaan. Tpebyercs HaflTh KOJIUIECTBO k-371€MEHTHBIX
[IOJIMHOYKECTB 71-3JIEMEHTHOI'O MHOXKECTBa. ZICHO, 9TO JII0OOH MEIIOK MOXKHO IIOJIYIUTh
TaK: pacCTaBUThH k IIApPOB Ha IOJIKE, & IOTOM CJIOXKUTH UX B MEIIOK. DTUM PacCyKICHUEM
MBI OIIPEJIEJINTN OTOOparkeHrne 13 MHOXKEeCTBaA pasMelieHnil (cioB Ha [n]; aiuHb k
C Pa3IMIHBIME OYKBAMU) B MHOXKECTBO MOJMHOXKECTB (k-3/IeMEHTHHBIX TIOJIMHOYKECTB
N-3JIEMEHTHOTO MHOYKECTBA):

fwws .. owg = {wy, we, . wyh

[TocTpouMm JIBYIOSIbHBIN rpad i 9TOro oTobparkeHus Jijid ciaydad n = 3, k = 2:

\ 7
-

A

Pasmemennsa ITomMmuOXKECTBA

N3 mpumepa BUIHO, UTO B KaXKJ0€ MOIMHOYKECTBO MJIET IO JIBE CTPEJIOUKUA. DTO
BEPHO M B ODOIIEM CJjydae: IMpu JIoObIX n, k > 0 u pa3mMep IOJHOro 1poobpasa JIrodboro
ITOJIMHOYKECTBA OJIMHAKOBBIN 1 paBeH k!. JIjs mokasarebeTBa 3TOro hakTa BOCIOIb3Y-
eMCsI ITIEPBBIM IIPUMEPOM: BCero ecth k! BapmaHTOB paccTaBUTh k IIapoB M3 MeIIKa Ha
IOJIKE.
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Tertepn y Hac ecTb BCE HEOOXOMMOE, UTOOBI PEMIUTh 3a1a4dy. Ham n3BecTHO 4KCII0
pa3MeIeHnii #!k)!, MTOMHUMO 9TOI'0 HAM M3BECTHO, YTO IMOCTPOEHHOEe OTOOparkenme [ —
CIOpbeKIns (B JT060€ TIOMHOKECTBO BEJIET XOTsI OBl OJJHA CTPEJTKA) U Mbl YCTAHOBUJIH,
YTO pas3Mep IMOJHOTO MMpoobpasa Jiodoro sementa paseH k!. Takum oOpa3oM MBI MOJTy-

YUJI, 9TO eCJIn (Z) — YHICIIO k-3JIEMEHTHBIX IIOJIMHOXKECTB T-3JIEMCHTHOI'O MHO>KECTBa,

|
TO (Z) X k! = ﬁ OTCIO/Ia TIOJIydaeM, 4TO
n n!
k (n— k)K"
n 0
Yuco (k,) HA3bIBAIOT YUCAOM COYEMAHUT.

MATEMATUKA

[epeitném k ciemytorieit 3aade. CKOIBKO PA3HBIX HE 00A3aTETHHO OCMBICJICHHBIX
CJIOB MOXKHO TIOJIy9UTh IepectaBisasa Oykeel ciiopa MATEMATUKA?
[Ipesmonoxum, Ha MUHYTY, 9TO Bce OYKBBI Pa3HbIE:

M;A T1EMyA, ToNKA3,

torga Becero cjioB Oymer 10!. /lapaiiTe Terepb oToxKjgecTBUM OYKBBI M, ompeiens
0TODOpasKeHHsT U3 MHOYKECTBO CJIOB, B KOTOPBIX BCe OYKBBI pa3Hble, B MHOXKECTBO CJIOB, B
KOTOpPBIX M o/IMHAKOBbIE CTUPAHUEM MHJIEKCOB. ¥ KaxKJIOrO CJI0Ba ¢ OJMHAKOBBIMU M
Oy/1eT pOBHO JIBa IIPO0OPa3a, OITOMY TaKUX CJIOB OyIeT 170!. OTox1eCTBUM Terephb OyKBBI
A crupaHmeM HUHIEKCOB: OIPEIEINM OTOOPayKeHUs U3 CJIOB, B KOTOPBIX OJUHAKOBHIE
ToJIbKO M, B €JIOBa, B CJIOBA, B KOTOPbLIX OjinHaKoBbie 1 M u A (cTupaHuem WHJIEKCOB).
Y KazkI0T0 cjIoBa ¢ oauHakoBbIMU M 1 A oamHaKoBoe YHCI0 IPoobpa3oB: 3! — CcTOIBKO
Pa3IMYIHBIX CIIOCOOOB PACCTABUTH MHIEKCHI Y TPEX A

MA|T{EMA,T. KA, MA;T{EMA3TUKA,, MAST{EMA; ToUKA;. ..

[Iponoimkas Te 2Ke paccyzKJIeHud, OTOXKJIeCTBUM OyKBbI T' U IMOJIyIUM YTO UCKOMOE

KOJINYEeCTBO €CTb 10!

213121
Pemmum teneps 3asaty npyrum criocobom. Bysem cTrpouTs ¢/10BO, HOCIEI0BATETHHO
paccraBjisg Oyksel. Beero ecthb 10 mosuruit. Beibepem cuavasta 2 nozurun o, Oyksy M:

CKOJIBKO €110cO00B 3TO ¢jie1aTh! 3aHyMepyeM BCe IMO3UIUN; YTOOBI paccTaBUTh OYKBBI M
HY2KHO BBIOPATH POBHO JIBE U3 HUX, IIPUIEM TOPSIOK TO3UINN HE BayKEH, TO €CTh UUCJIO0
PACCTAHOBOK COBIIAJIAET C YUCIOM JIBYX3JIEMEHTHBIX TTOJMHOMXKECTB JIeCATHIIEMEHTHOTO
MHOYKECTBA — (120). PaccraBum Tereps OyKBBI A J1jIst HUX OCTAJIOCh 8 CBOOO/IHBIX TTO3UIIHUIT
U HY?KHO PACCTaBUTDL 3 OYKBBI A, aHAJIOTUYIHO paccykIeHusAM ¢ M 9T0 MOXKHO CJIeIaTh

(2) criocobamu. Takum obpazom, ducyio crnocoboB paccraButh M u A 1o npasuity
10

8
2) X (3) [Ipomonzkas paccyzK/ieHns IoydaeM, YTO YUCJIO

HpOI/ISBer[LeHI/IH paBHﬂeTCﬂ (
CIIOCOOOB CIIeIaTh 3TO €CTh

10 8 ) 3 2 1
X X X X X
2 3 2 1 1 1
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O6paTuM BHUMaHUE YUTATE I, YTO IIOCJIEIHIEe TPU MHOXKHUTEIA €CTh IIPoCcTo 3!, moToMy
qT0 (7;) = M, TO €CTb IOCJEe PACCTAHOBKU IOBTOPSIIOIIMXCA OYKB, UHUCIO CIIOCOOOB
BBIOpATDH MO3UIIMIO TI0JT OJHY OYKBY COBIIaIaeT ¢ YUCIOM OCTABIIUXCA TO3UIUI U TIPABIIIO
[IPOM3BEIEHNUs] Ta€T, ITO IUCJIO CIIOCODOB PACCTABUTH 3 HEIIOBTOPAIONMINECS OYKBBI €CTh
HU 4TO MHOE Kak 3.

Pemus koMOuHATOPHYIO 3a/1a49y JABYMs CIIOCOOAME MbI YCTAHOBUJINA CIIPABEIIMBOCTD

caeytomnmeit popMysIb:

()G () () () < () - s

MBI J1I00aBWIM B 3HAMEHATE/Ib [IPaBOi dacTu 1jisd cuMMerpun Tpu 1! — o 1! Ha Kaxkiyio
HEITOBTOPSIONLYIOCS OyKBY.
Pemus 3agaay npo cioBo MATEMATUKA mbr okasam ciieyroree yTBEPAK IeHUe.

Yr1Bepxkaenue 9. [lycmov ki +ko+...+ky = n. Queao cros daunove n 1ad asgasumom
U3 M CUMBOAO8, 8 KOMOPHIT NEPSas OyKsea aadpasuma ecmpevaemca ki pas, emopas —
ko pas, i-a —k; pa3 ecmo

n! . n % Tl—k'l % n—kl—kz % % n—kl—...—km,1
ksl k! \iy ks ks k,, ‘

DTO yTBEp:KIeHUE MPUTOJIUTCS HAM JIAJIbIIIE.

o7



Jleknimga 8

Kombunaropuka 11. bunomuajibHbIe
Ko puimeHThI

Jlekrust GpL1a MpounTaHa OJIM3KO K U3JI0XKEHHIO BO BTOPOi riiase [1].
IInan:

1. Kommectso myTeit no ysmam xietox (smpaso u ssepx) u3 (0,0) B (i,j) ectn (7).

\V]

. Tpeyrompauk Ilackasns u ero cpoiicTBa

® CUMMeETpuAg

e BO3pacTaHue OMHOMHMAJIBLHBIX KOI(M(MUIINEHTOB K CepeJInHe

om) _ 2
® OIIEHKa .
. n) i1

3. bunom Hbiorona n 6mHomMuaibuble KO MUITMEHTHI

® DEKYPPEHTHOE COOTHOIICHUE
e cyMMa OMHOMUAJILHBIX KOIDDUITMEHTOB 1 €€ KOMOMHATOPHBIN CMBICIT

® 3HaKOIlepeMeHHasi CyMMa OMHOMHUAJIbHBIX KOIMDMUIIMEHTOB
4. KombunaTopHbie JOKa3aTETbCTBA

® DEKYPPEHTHOE COOTHOINEHNE Ha OMHOMUAIbHBIE KOIMDMUITMEHTH B TPEYTOJIb-
nuke [lackasis;

n
n
e 3a/ada 0 KOMAHINpe U cogarax: n X 2" ! = Z k < k);
k=1
n 2
n 2n
k=1
5. Metosa To4eK ¥ 1eperopoiok
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e Yucso perenunii ypaBHeHUsS X1 + Lo + ... + T = N B HEOTPUIATETbHBIX
n+k—1

E_1 )(@opMyﬂa Myagpa).

OeJIbIX YncCJjiaX €CTb (

6. Yucaa Pudbonauayun

7% Yucna Karanana (10ka3aTesibcTBO sIBHON (hOPMYJIBI)
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Jlekninga 9

Kombunaropuka 111. @opmysia
BKJIIOUYCHM-NCKJIIOYEeHU

Ilnan:

1.

JlokazareabeTBo (hopMyIa BKIIOUCHUH-NCKIIIOUeHNTT (depe3 XapaKTepUCTHIeCKIe
dbyHKIUN)

[Ipumepnr

e KosmuectBo gnces ot 1 go 100 He geJrdmuxcs HA Ha 3, HU Ha 5, HU Ha 7
e CBsI3b CO 3HAKOIEPEMEHHON CyMMOIl OMHOMUAJILHBIX KOI(DDUITUECHTOB

e 3ajava 0 CYACTJIMBBIX OMIeTax

[Mogcuér uucia orobpazkeHuil (BCIOLY OMPEICTIEHHBIX (DYHKIHIT), IACTUIHBIX
dyHKIM, THbEKIN, OMeKITnit

[loncuéTr cropbekmuii

Kombunaropabie 06beKThI. CMbICT 0003HAYEHMI 24 J1I9 MHOKECTBA BCEX TIOJMHO-
JKecTB Y X g MHOXKecTBa oTobpazkenuii u3 X B Y.

[Ipuanmn dupuxiie

9.1 IIpaBujo cymmsbl u popmyJia

BKJIIOYEHUN-NCKJIIOUYEeHN I

HamoMmnM, 9T0 IPaBUIO CyMMBI IVIACHT, 9TO ecjin MHOXKecTBa A 1 B He nepeceka-
forcd (T.e. ANB = @), o |AUB| = |A| + |B|. Wnu emg ero dopmymupyior tak: «Ecam
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€CTb N CIOCODOB BbIOpATH MEPBBIl 0OBEKT U M CIOCOOOB BBIOPATH BTOPOI OOBLEKT, U
9TU CHOCOOBI HE3ABUCHMBI, TO BCETO €CTh N + 1M, CIIOCOOOB BBIOPATH IEPBLII WJIK BTOPOI
00BEKT. »

Yro xke genarh, ecan MHoxkectBa A n B nepecekarorcs?! ZlcHo, 9To Torma

|AUB| =|A| +|B| — |ANn B|.
ITpumep 17. Ckoabko uncesn ot 1 g0 100 He mensites Hu Ha 2, HA Ha 37

JlaBajiTe mocuuTaeM CKOJIBKO YHCEN JEIATCA Ha 2 WM Ha 3; 0003HAYUB Uepe3
Dy C{1,...,1000} oIMHOKECTBO U3 THCEN, JACAANINXCS Ha k Oy daeM:

| D2 U Ds| = |Dao| + |Ds| — [ Dy N Ds| = [Da] 4 |Ds| — | De|.

To ectsb 50 + 33 — 16 = 67. OTciona, HE Ha 2 HE Ha 3 HE JEIATCA 33 IUCTIA.
Hapucosas muarpammbl Dityiepa-Benna 11 TpéX MHOXKECTB HETPYIHO IIOJIYIATh,
9TO0

|JAUBUC| =|A|+|B|+|C]=|ANB|—|ANC|—|BNC|+|ANnBNC|.

STI/I CbOpMyﬂbI IIOMOT'alOT IIOCYUTATh YUCJIO 3JIEMECHTOB BO BCeX MHOXKECTBaX, KOI'Ja
U3BECTHO KOJIMYECTBO 3JIEMEHTOB BO BCEBO3MOXKHBIX IIePeCeYeHndX 3TUX MHOXKecTB. B
ob1eM ciryudae hopMyia-BKIIOUEHHs UCKIIIOYeHMiT yeTpoeHa Tak (B dopmynax [n] =

{1,2,...,n}):

n

(AT U Ay UL UA =) Al = D JANA ]+ + (=)™ Y A+

i=1 1<i<j<n SCln), lies
|S|=m

nian 60j1ee KOMIIAKTHO

U= > (M Al (1)

i=1 SCln], ies
542

Cymma B nociezneit popmyiie 6epéTcs Mo BCeM HEIyCTBIM IIOIMHOXKECTBaM [n]; eciin
S ={1,2,4}, To coorBercTByomee ciaaraemoe nmeer By (—1)* x [A; N Ay N Ayl.

DopMyITy BKIIOUCHH-UCKIIOUCHIIT MOYKHO IIPSIMOIHHEHHO JOKA3aTh 110 WHLYKIHIL.
O1HaKO 710 5T0 HeGIarofapHoe, IO9TOMY MBI IIPUBEIEM JIPYTOe JOKA3aTEIbCTBO —
“epe3’ XapaKTepUCTHIecKue (hyHKIUN.

XapakTepuctndeckue (yHKITAN

Badukcupyem onusépecyM U. OyHkiumst y 4(7) HA3BIBAETCS XapaKTePUCTUIECKOT
dyuknumeit maoxkecrsa A C U, ecian

1, ectm x € A;

Xale) = 0, ectu x & A.
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XapakTepucTtuieckue (pyHKIIMN Ha TEPBbIN B3IV HUUEM He OTJINYAI0TCs OT Ipe-
gukaroB. PasHuiia Jiminb B TOM, 9TO IpPEeIUKATHl IPUHATO OTHOCUTH K JIOTHIECKUM
dbopmysam, a apudmerndeckre JefiCTBUs ¢ HUMU TPOBOJUTH HE IPUHSATO (€CJIH CII0-
JKUTB JIBE UCTUHHBI, TO 3TO HE cuuTaercs 6oJiee yoequrebHoil nerunoit). C moMoIbo
XapaKTePUCTUIECKOH (DYHKIINK JIETKO BBIPA3UTh MOIIHOCTH MHOYKECTBA:

Al =) xal@).

zelU

s jjokazaresibecTBa (DOPMYJIbl BKJIIOUEHUNR-UCKIIOYEHUI HAM [TOTPeOyeTCs Bbl-
Pa3uUTh XapaKTEePUCTUIECKYIO (DYHKIIUIO IepeceveHust, O0beINHEHUS U JIOTIOTHEHUS
MHOYKECTB Uepe3 dJieMeHTapHble MHOXKEeCTBa!

XanB(Z) = xa(z) X xB(7);

Xaug(z) = xa(z) + xB(7) — xa(x) X XB(7);
xa(z) =1—xa().

Yupaxkuenue 5. [IpoBepbTe KOPPEKTHOCTH 3TUX (DOPMYJI.

JokazaTeabcTBO (pOPMYJIbl BKJIIOYEHNI-NCKIIOUEHUI

OCHOBHBIM HHI'PEIMEHTOM JI0Ka3aTe/IbCTBa ABJsSETCa 00OOIMEHHBIN 3aKkoH e Mopra-

U =4
i=1 =1

KOTODBIii MBI IEPEBEJIEM Ha SI3bIK XapaKTepUCTuIecKux dhyHKIwmit (1151 y106¢TBa OIyCTHM
apryMeHTbI):

Ha:

n =1l—xn__=1-(1- x (1 — X .o.ox (1= .
X a X (1= xa) x (1= xa,) (1= xa,)
] i=1

Packpoem cko6ku B Bbipazkenun (1 —xa,)(1—xa,) .. (1 —xa,) 1 HpoaHaau3upyem
LOJIy YMBIIIeECs] BBIPAYKEHNE aHAJOIMYHO aHaMu3y g ounoma Heiotona. fcuo, uro
CPEJIH CJIATaeMbIX €CTh 1; ITO0bI €6 0Ty IUTh HyZKHO B3dTh B KauecTBe COMHOKUTe et 1
U3 KaKJI0i CKOOKH; TaKzKe JIJIs KasKJO0r'0 ¢ B BbIPasKeHHUe BOMJIET caraeMoe —X 4, 9TOOBI
MOJIYYNATH €TI0 HY?KHO B34Th —X 4, U3 -0il CKOOKH, a U3 KarKJO0U ocTaBIIeiicsad CKOOKH
B34Thb eUHUILy. [IpojIo/Kas paccy KIeHns [HOJLydaeM, 9TO YTOObI IOy IUTh CJIaraeMoe

I xa = x Aip X XA, X -o. X Xa,;  HY?KHO B3ATh U3 KazKJIOH CKOOKH € HOMEPOM W3
i€s
MHOXKECTBa S cIaraeMoe —X 4,, & I3 OCTaJIbHBIX CKOOOK B3ATH 1; Ipu 3ToM Ko dunuent
nepe | osryansmuMcs npousseaenuem Gyaer (—1)1°1 Urak, mer noryammm dopmyry

95|

XO A; =l=]1+ Z (_1)|S| HXAi = Z (_1)‘S‘+1Xﬂ A

i1 SC[n], i€S SC[n], ies
S 5o
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B IIOCJIEJTHEM TIEPEXOIe MBI IePEeIIn OT POU3BE/ICHUsT XapPAKTEPUCTUICCKIX (PYHKITU
K XapaKTepUCTHIECKO (DYHKIINN TIePecedeHnsi MHOYKECTB.

[TpocymmupoBas 06e dactu 1o BceM = € U mosyunm Tpebyemyto dopmyiy (1).
Ob6paTuM BHUMaHHUE, 9TO B pe3y/IbTaTe CyMMUPOBAaHUs JieBas 9acTh (hpOPMYJIbl Oy/1er
UMEeTh BU/T

a B IIpaBOil YacTU B pe3yJibTaTe CyMMHUPOBAHUS OTJE/JIHLHOIO CJIAraeMoro IoJIyIuTCs
cJIe Iy roIee

Z(_l)\S\HXn () = (_1)|S|+1 y ﬂAi

zeU €S i€S

9.2 3agada 0 cUacCTJIMBBIX OMJjIeTax

B kagecTBe npumepa mpuMeHeHusT (DOPMYJIbI BKIIOUYEHUIH-NCKTIOYEHNI TPUBEIEM
zajady o cuacTiauBbix ouaerax. B XX Beke B CCCP u Poccun 6uiersl Ha aBTOOYCHI
UMeIM HOMEPA, COCTOsIIe 3 Iectu nudp. Buiers HyKHO OBLIO KOMIIOCTHPOBATH
(BIPSIBUTD CHEIUATBHBIM YCTPOHCTBOM B aBTOOYCE), a eCIi CyMMa TePBbIX TPEX mudp
COBITQJIaJIa C CyMMOIT TIOCJIETHUX TPEX, TO OUJIET CIUTAJICS CIACT/IUBBIM, 1 €70 MT0JIaraI0Ch
Ha yJIady CbecTb, 9TO HMPUBOIMIO K Ka3ycaM, €C/Ii B aBTOOYC 3aXOIM/I KOHTPOJIED.
Orcro/1a BO3HUKJIA €CTECTBEHHAs JIJIsT KOMOMHATOPUKH 3a/1a9a — MOJICIUTATH KOJUIECTBO
CYACT/INBBIX OUJIETOB.

Oboznaumm epBble Tpu UAPHI KaK a1, ag, a3, a MocjIeaane depe3 by, by, bs. Cre-
JlaeM 3aMeny ay = 9 — by, a5 =9 — by, ag = 9 — bs. Ilonmyuaem, 4To OUIET CIACTIIMBDI
TOIJIa ¥ TOJIBKO TOIJIa, KOTJIa

a1+a2—|—a3—|—a4+a5+a6:27, O<a2<9 (2)

CxoJty BOBMOXKHO HESICHO, KaK IOJICIUTATh BCE PEIeHusl, yI0BIeTBopsitomue (2).
JaBaiiTe mj1s1 HavaIa HafIEM Bce peIleHusl, B KOTOPBIX a; > (. DTo KaaccumuecKasi
zajtada MyaBpa, Bcero Takux pernieHunit (352). Cpe/in 5TUX perrennii eCTb U Te, KOTOPbIe
He TO/IATCH, TaBaliTe WX BBIYTEM.

fcno, 9To He TOJATCA TE PellleHnsi, B KOTOPBIX XOTs ObI OHa IepeMeHHas TPUHUMAET
suadenne 10 wim Gosbiie. Boibepem onHy (MI0XyI0) MepeMeHHY0, KOTOPOIl IPUCBOEM
saadenue 10, mocje 4ero pacupeaenm octapimuecd 17 eIMHUT] IO BCeM TepeMEHHBIM

(BKJIIOUAsT TJIOXYIO); YUCIIO CIIOCOOOB C/EIaTh TIOCIE/HEe COBIAIAET ¢ YMCJIOM PelleHui
6
22
ypaBHeHus y | a; = 17, T.e. ( 5) 1 Bcero ecTh 6 cr1ocod0B BBIOPATH IIJIOXYIO IIEPEMEHHYIO;
i=1

22
110 IIPpaBUJIy IIPOU3BEJICHUSA II0JIydaceM, 9TO IIJIOXUX BapUaHTOB 6 X (5 ) .

Ho orser (352) —6 X (252) HEBEPHBII: IPU BHIYUTAHUKM MbI JIBA Pa3a yUan cirydail
KOTJIa TlepBas IepeMeHHasi Oblia BhIOpaHa IJI0X0i, a Bropad moaydusaa 10 wim OoJbIie
eJINHUT] TIPY TIOC/IeIYIOIIeM paciipeiesiennn nu Haobopot. [lostomy K 3T0i#t pasHOCTH
HY?KHO JI00AaBUTDH IIPOU3BEJICHUE (g) X (152) — 9HCJI0 cI0COO0B BBHIOPATH JIBe IIepeMeHHbIe,
KOTOPBIM cpasy BbLIa Ly T 10 eIMHUIL, ITOC/Ie Yero pacipeesIuTh OCTABIINEC 7 €JIMHUIL 10

6 IIEpeMEHHbIM. HOCKOJ'ILKy TpéX IJIOXUX II€ePEMEHHBIX OBITH Y2Ke HE MOXKET, II0JIydaeM
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UTOI'OBBI OTBET:

32 22 6 12
—6 % + X
) ) 2 )

JlaBaiiTe ITOCMOTPUM Ha TU paACCy:KJeHUs BHUMATEJIbHO. Bpojie Obl Mbl HCIIOJIb-
3o0Ba/ I (pOPMYJTy BKJIFOUEHHUI-UCKJIIOUEHUI, HO 9TO IIPOU3OILIO HesiBHO. Kakwne ke
MHOXKECTBa HY2KHO OBLJIO BBIOPATH, 9TOOBI €€ BOCIIOJIB30BATHCs !

C momotpo (hopMyIbl BKIOYEHUIT-UCKTIOUEHNH Mbl TIOCIUTAJINA IIJIOXUAE CJIYIau.
O603naunM gepe3 A; MHOXKECTBO peIlleHuil ypaBHEHUS 2, B KOTOPOM JIJIs §-Oif IIepeMeHHOi
YCJIOBHE HE BBINOJIHAECTCHA; (POPMATHHO

A; ={(a1,a9,...,a6) | @; > 10, a1 +as+ ... +ag =27, a; >0, mpu 1 < j < 6}.

YTo0b! HoJACYUTATh BCE ILJIOXHE PEIIeHUs JJOCTATOYHO BBIYUC/IUTH MOIITHOCTH 00b-
enuHenns MHOXKeCTB |A; U Ay U ... U Agl, 11 KOTOPOro CripaBejinBo

A U AU . UAg| = [Ay| + | As| +...+|Ag| — [ A1 N Ag| — | A1 N Ag| — ... — | A5 N Ag| =

6
:6X‘A1|— 9 X |A1ﬂA2|

Tpoiiable u MOC/IEAYIONIAE TTIEPECeUeHrsT MHOXKECTB B (DOPMYJIy HE BXOJAT, TaK Kak
nepecedeHue JIObIX TPEX MHOXKeCTB (cpeiu A;) mycro. B cuty cumMmerpun B Kazkiom
MHOXKeCTBe A; OJIMHAKOBOE YHCJIO 3JIEMEHTOB, PABHO KAK U B IONAPHBIX IEPECEUCHUIX.
Yoeurech, 9TO B PEMIEHNN 3a/a91 O CYACT/IUBBIX OUJIeTax BbIIIE MbI JIEHCTBUTEIHLHO
HCITOJIb30BAJIN 3TY (POPMYIIY.

9.3 Iloacuéer dbyHKIMIit

Kak u panbine, 0603HaIMM depe3 [m]| — m-37eMeHTHOe MHOKECTBO; JIs OIIPe Ie/ICHHO-
cru [m| = {1,2,...,m}. Haiiném uucsio orobpazkenuii f : [m| — [n] (u3 m-smemenrtroro
MHOKECTBA B N-3JIEMEHTHOE MHOXKeCTBO). HaroMHnM, 910 0T0OpazkeHnst — 910 BCIOLy
onpezenénusie HyHKIUN, 3TOT HaKT 0003HATACTCH € IMOMOIIBIO CTPEIOYKH MEXK/Y MHO-
xecrBamu. st snadenns f(1) rogures moboe u3 n dnces1, paBHO Kak i f(2) u Tak
BILUIOTH JI0 f(m); O HpaBH/Ly IPOU3BE/ICHES HOJLYIaeM, 9TO TUCJI0 0TOOpayKeHNmil eCTh
n™. Kaxoe orobpakeHne MOXKHO 3aKO[MPOBATH KaK CJIOBO JUIMHBI 1 HAJ| alaBUTOM
U3 N CUMBOJIOB. DTa KOJMPOBKA [IPUTOJUTCS HAM JIaJIbIIe.

Haiiném remepsb uncio gactuanbix dbyskiumit u3 [m] B [n]. B owmmane or otobpazke-
HUil, YacTHIHbIe QYHKIMN He 0053aTe/IbHO BCIOJLY OIIPEJIeIeHb, I09TOMY BO3MOXKHO,
YTO Y KAKUX-TO JIEMEHTOB MHOYKECTBA [m]| HeT 00pa30B. DTy 3a1atdy JIETKO CBECTH K
IpEBLILYIIEH, T00aBUB K MHOKECTBY [1] 9JEMEHT 1+ 1 1 OCTPOUTH /17T Kazk 1ol hyHK-
muu f u3 [m| B [n] sxkBuBasenTHOE OTOGpAXKEHUE g : [m] — [n + 1], KoTOpOE IpUHNMaeT
3HaveHue 1 + 1 BO BCeX TOUYKaX, B KOTOPLIX (DYHKIUs f HE Ompejie/ieHa, a B OCTATbHbIX
TOYKAX NPUHUMAET TO ¥Ke 3HadeHue, 9o u f. VITak, Mbl yCTAHOBU/IM OUEKIIUIO MEXK LY
MHOKECTBOM YaCTHIHBIX (DyHKIuit 13 [m] B [n] n MuoxkecTBOM OoTOGpazkenuit u3 [m| B
[n + 1], rakum obpaszom uucsio dbyHkmit ects (n + 1)™.

[Tepeiiiém Ternepb K MOJACUYETY uHbekiuit u3 [m] B [n|. BeromuuMm, 9T0 MHbEKIMA —
orobpazkeHre, KOTOpoe CTaBUT B COOTBETCTBHE PA3HBIM 3JIEMEHTaM Da3Hble 3HAYCHMUS.
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Mbl yake 0bcyxkaamm ToT GaKT, 9TO eCJIU CyIeCTBYeT MHbEKIUs U3 KOHETHOI'O MHOKe-
crBa A B KoHeunoe MuHoxkecTBO B, TO |A| < |B|, mosTtomy mpu m > n HHbEKIUil HeT
BoBce. B ciydae 0 < m < n MHBEKIHUIO, KaK U JIIOOOE OTOOParKeHne, MOYKHO 3aKO M-
pOBaTh B BUJIE CJIOBa HAJ N-MIHBIM aJipaBUTOM JJIMHBI 1M, & YCJIOBHE HHBEKTUBHOCTH
O3HAYAaeT, 9TO B CJIOBE Bce OyKBBI pasHble. TakuM 00pa3oM, YHUCI0 UHbEKIHIT COBIAIAeT
C YUCJIOM pa3MelleHuil 1 paBHO (n_”—?'n),

B ciyvae KOHEUHBIX MHOYKECTB, OMEKIUs sIBIAETCS YACTHBIM CJIyIaeM WHbEeKIHN,
korga [m] = [n]. Takum obpazom unciio 6Gueknuii pasHo n! (Ipu m = n) U COBIAIAET
¢ ancsioM rnepectaHoBoK. COBIajIeHNe YHCesT DA3MEIeHNU T 1 IIePECTAHOBOK C IHCIIOM
uHbeKIUil 1 Guekiumii Hecsrydaiino. VHbeKIMN KOIUPYIOT pa3MelleHus, a OueKkImm —

IIepPEeCTaHOBKH.

Iloacuér cropbekimii

[Tepeiiném Terephb K MOACIETY CIOpBHEKINit. B oT/imiane oT MoicInTaHHbIX BhIIIE QyHK-
U, TOACINTATD YUCTIO CIOPBEKIHH yKe HeITpoCcTO. AHAIOTUIHO CIydai0 ¢ MHbEKIUIMI
HeoOX0 MO, 9T00BI M = n > (. YT06bI HOACYUTATEH CIOPBEKIINN HOACIUTAEM CHAYAIA
0TOOparKeHusl, He ABJIAIONINECS CIOPBEKIUIMU ¥ BBIUTEM UX YUCJIO M3 KOJIMIECTBA BCEX
0TOOPaYKEHUI.

Hamomuum, 910 (DyHKIUS ABISIETCS CIOPBEKIUE, eciii mpoodbpa3 KaxKJI0ro U3
ssieMeHTOB [n] He myct. Takum o6pasoM, QyHKIMS He ABJIsIeTCsl CIOPbEKIei, ecu B [n]
eCThb XOTsl Obl OJIMH 3JIEMEHT Y JIJIi KOTOPOro HeT mojxojgmero & : Vo € [m] : f(z) # y.
Ob6oznaganm yepe3 A; — MHOKECTBO 0TOOparKeHHil, A1 KOTOPBIX IIPo0dpa3 3IeMeHTa i
He olIpeiesieH, PopMaIbHO

Ai={f|f:[m]—n, fG) =9}

n
¢lcHo, uTO BCe HecIOpbeKIUK Jieskar B MHOKecTBe | J A;.
. 1=1
[Toxcunraem mommuocTh | |J A;| ¢ moMoribio hopMy/Ibl BKIIOYEHUH-UCKITIOUCHUI.
i=1
Hnsa xkaxkmoro A; amcso |A;| coBmamaer ¢ aucgioM oToOparKeHnil U3 1m-371eMEeHTHOTO
MHOXKeCTBa B (n — 1)-371eMEeHTHOE MHOXKECTBO (i-bIil) 9JIEMEHT 3aJIefiCTBOBATH HEJIB3sl, a
BCe OCTasbHble MOKHO. Vx uncio ects (n—1)™. B mepeceuennn muozkects A;NA; (i # j)
COJIEPIKUTCS CTOJILKO K€ JIEMEHTOB, CKOJILKO OToOpazkenuii [m] — [n — 2] (Tenepb
HeJIb3sl 3a/IefiCTBOBATh POBHO JIBA 3JIEMEHTOB), a YHCJIO 9JIEMEHTOB B IEPECeYeHUH
J0ObIX k MHOXKecTB u3 ceMeiicTBa Aj, Ao, ..., A, coBnagaer ¢ 4uCJIOM OTOOparKeHi
[m] — [n — k|. Hucno ciocoboB BEIGpaTh k MHOYKECTB U3 CeMEfiCTBa ¢ N-MHOKECTBAMU

€CTb YMCJIO COYeTaHUN (Z), OTCIOJIA TIOJTyYaeM 10 (pOopMYyJie BKIIOYEHUH UCKTIOYEeHMI
UAi| = 1A+ Ao + . 4 An] = [AN Ay| — A NA [+ =

=nx(n—1)"— Z) X (n—2)"+ g) X(n=3"—...=

= (- x L) X< =k

k=1
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Taxum 0Opa3oM YUC/IO CIOPBEKITUI €CTh

9.4 O kKOMOMHATOPHBIX O0OBEKTAX

[Ipu nojcaérax oTobparkeHnii CrenraabHOTO BUAA MBI ITOJIYYMINA, YTO PA3HBIE KOM-
OrHATOPHBIE OOBEKTHI BHIPAXKAIOTCS C IIOMOIILIO IPYT JIpyTa: PasMeNleHs Pean3y0Tcst
C IIOMOIIBIO UHBEKIHIA, IIepecTaHOBKI — C TOMOIIbI0 OneKIuil. CIOPBEKIINI BhIPAYKAIOT
pasMelIeHudA 1 Ppa3HbIX O6']3€KTOB IO N Pa3HBIM dIMUKaM, B KOTOPbIX HE YYUTbhIBACTCA
IOPSAJIOK COJIEPsKUMOTO SAIIMKOB; CoJlepKuMoe k-ro simKa — HoJHbi npoobpas [ (k).

YuceHHbIe COBIAMEHUS MIPH TOJACIETEe KOMOMHATOPHBIX OOBEKTOB 9aCTO BJIEKYT
3a cODOI U COMepP:KATEIbHYI0 HHTEPIIPETAINI0, KOTOPYIO 9acTO IOJIyYaeTcsl PACKPLITh
BBEiA ITPpaBUJIbBHYIO KOJUPOBKY. BCHOMHI/IM, 9TO B Ha4daJie N3y4ICHUA KOI\/I6I/IHaTOpI/IKI/I
MBI KOJUPOBAJIHN JII000€ TOJIMHOYKECTBO S M-3JIEMEHTHOI'O MHOXKECTBA, C ITOMOIIBIO
JBOMIHON CTPOKU JIHHBI M. Takyto e KOMUPOBKY nMeroT 1 otobpazkenus [m]| — {0, 1};
KaK Mbl yOeJIM/IMNCh B HadaJie 9TOW JIEKIIMU KaKJIOMY MHOYKECTBY S COOTBETCTBYET
XapakTepucTudeckas (DYHKINS X g, IO3TOMY 3TOT CIOCOO KOIUPOBAHMS YACTO HAZBIBAIOT
Tapaxrmepucmuyeckum sexmopom. Takum obpa3oMm, st J1I000ro IMOIMHOKECTBa,
S MHOXKecTBa X CyIIecTByeT SKBUBaJeHTHOe oTobpaxkenne xg : X — {0,1}, To ecrs
IIOIMHOZKEeCTBa 1 OTO6pa}KeHI/Iﬂ B ABYX3JIEMEHTHBIC MHO2KECTBa 110 CYyTU OJUMHaKOBbIE
KOMOHHATOPHBIE 00BEKTHI.

[Toacuérnr oTOOparkeHnit MIPUBEIN K CJIELYIOIINM YCTOSBIINMCST 0603HadYeHnsM. MHO-
’KecTBo oTobpazkenuit w3 X B Y obosHadaror YX: B ciaydae KOHEUHBIX HEMYCTBHIX
MHOYKECTB, KaK Mbl YOEJIUJINChH, UX YUCJIO €CTh \Y\'X |, MHOKeCTBO BCEX ITOJIMHOMKECTB
MHOzKecTBa X 0003HAYAIOT Kak 2%, OCKOIBKY eMy B3aMMHO OJHO3HAYHO COOTBETCTBYET
MHOKecTBO oToOpaskenuii [2]X.

9.5 Ilpwmamun /Iupuxie

Ou4eBuIHO, YTO €C/IM B ceMbe TP pebEHKa, TO JBa U3 HUX oHOro moJa. [lomobHoe
paccyzKJIeHne MMpOJIoJIZKAeTCs TaK: €CIM eCTh 1M ToJyOeil M X Hy»KHO PACCaJIuTh MO
n KJIeTKaM, TO B CJydae, ecid n < m, B HEKOTOPOW KJIETKe OKarKeTCsi XOTs Obl JiBa
rosy6st. B mpumepe ¢ ceMbéit rotyGu — 9T0 J€TH, a KJIETKH — 9TO MOJIbI . DTOT IPUHIHIT
nostyumt HaszBanue npuniun roayoaran (Pigeonhole principle), a B pycckosg3pranom
MaTEMaTHIECKOM COOOINECTBE OH M3BECTEH Kak npuHiun lupuxiie.

[Tocsie usydenus: orobpazkenuii u ux cBoiicTB npunIiui /lupuxie craHoBuTCA Ove-
BUJIHBIM: OH TJIACHT BCETO JIUIb, 9TO B CAydae n < m He CYIIeCTBYeT MHDbEKINU 13
M-37IEMEHTHOI'O0 MHOYKECTBA B N-3JIeMEeHTHOe MHOKecTBO. OTCIO/a BBITEKAeT, UTO B
ciydae orobpaxkenusi f : [m] — [n], cymecrByer ssiement y € [n], B mosmoMm npoobpase
KOTOPOTO JIESKUT XOTd Obl JBa sjementa: |f~1(y)| > 2.

'Mer ipuiepskuBaeMcst 3/eCh TPaIUIIHOHHBIX B3IJISA/I0B, H CIUTAEM UTO TIOJIOB BCETO /Ba (My3KCKOIf
u kerckuit). Xors Obl y Jereii.
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Jlekniiga 10

Bunapubie oTHOHIEHNs U UX rpadbl.
OTHoIlleHNS YKBUBAJEHTHOCTU

Ilnan:

1. 3ajanue GUHAPHOTO OTHOIIEHUST TAOIHUIIEH, IBYIOIBHBIM IPad oM, IepeuncjaIeHuneM
nap. PopmaiibHOe onpe/iesienne buHapHbix oTHOmenwit (R C A X B).

2. Hekoropsie cBoiicTBa

e (OYHKIMOHAIBLHOCTD
® TOTaJbHOCTh

® UHbLEKTHUBHOCTH

e ped/IeKCUBHOCTD

® TPAaH3UTUBHOCTDL

® CUMMETPUYIHOCTD

3. OrHommenns S5KBUBaieHTHOCTH. [IprMepsr:

Panmonannubie gnciia

Pasable n HO,ILO6HI)I€ TPEYyroJIbHUKU

PasencrBo Oy/ieBbIx yHKITHI

e Heonpejieiénnble nHTErpAJIBI
4. T.: Kiracchl 5KBUBaJICHTHOCTHU HE TI€PECEKAIOTCS WU COBITA/IAIOT.

5. CJIGI[CTBI/IGI OTHOHIICHUA SKBUBAJICHTHOCTHU B3aMMHO OJHO3HAYHO COOTBETCTBYIOT
paS6I/IeHI/IHI\/I MHOZKeCTBa Ha IIOJMHOZKeCTBa.

6. [Ipumep ucrob30BaHusd B KOMOMHATOPUKE: MTOJACYIET IUCIA k-3JIEMEHTHBIX O/
MHOKECTB CBOJIUTCS K ITOJCUYETY YUC/Ia KJIACCOB SKBUBAJCHTHOCTA Ha HabOpax:

(1, @, ) ~ (Y1, Y2, - Yk) <= {x1, T2, .., Tk} = {Y1, Y2, -, Yk}
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7. TeopeTuko-mMHOXKeCTBEHHBIE onepaluu ¢ orHoieHusgMu. Oueparust ooparieHms.
Ornucanue ¢ MOMOIIBIO OYJIEBBIX MATPUIL.

8. Kommnosumusa ornomennii. Cga3b ¢ 6a3aMu JaHHBIX

10.1 Omnucanuda m onpejiejieHne OMHAPHBIX
OTHOIIIEHU
Hauyném ¢ mpumepa, KOTOPBIN WJLTIOCTPUPYET YTO TaKoe OMHAPHOE OTHOIIEHHE.

[IpescraBbre, YTO COCTOAIACh KOHTPOJIbHAS, KOTOPYIO IHCAJIO TPU YeJIOBEKa, U €€
pe3yJIbTaThl IPUBEJIEHBI B TaOJIUIE HUXKE:

YVaeHuk 1 2 3 4 5
Marma + - + — -
Amaa + — — — +
Jxxon — — + — +

Puc. 10.1. 3amanne 6mHAPHOIO OTHOIIEHUsT TabJIAIIEH

Cumraercst, 9T0 KaxKJIplil yUIeHUK, JIMOO PEITii 3a/1a9y, 0o HeT. Ecim mKoIpHuK
A pemuit 3a7a4dy x, TO OHU HaXOJSTCS B OTHOINIEHUN <«PeIru 3a1ady». PopMasbHO,
noctTpoeHHas Hamu tabsmia — 1o 0-1-maTpura

O = =
o O O
_ o =
o O O
—_ = O

Pe3ynbTraThl KOHTPOIBHON MOYKHO GBLIO OBl TaKzKe OIMUCATH ¢ MOMOIIBIO JBYI0ILHOIO
rpada (puc. 10.2).

I[Toxkauryii, mpomie Beero ObLIO 3aJaTh OTHONICHHE «PENII 3aJady» IPOCTO Mepednc-
JIUB BCE Napbl U3 NIKOJLHUKOB U 3aJ1a4:

(Mama, 1), (Mama, 3), (Asuna, 1), (Amwmna,5), (xwxon, 3), (Ixomn, 5).

9TOT CII0cob u JICZKHT B OCHOBE (bOpMaJIbHOFO OIlIpe/ieJICHn A 6I/IHapHOFO OTHOIIIECHUA.
DopmasibHo buHaproe omrowerue R mexty muoxkecrBamu A u B — 3T0 HEKOTOPOE
IIOJAMHOXKECTBO UX JeKapToBa IIPOU3BEICHU !

RC Ax B.

Ecmu (a,b) € R, roBopsT, 9TO 9JeMeHT a Harodumces 6 omnowenuu R ¢ site-
MEHTOM b.
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Vaenuku Baaun

Puc. 10.2. Baganue 6MHAPHOIO OTHOINEHUSI ABYIOJIbHBIM IpadoM

BblImre MbI IpUBe/IN pa3IMIHbIE CIIOCOOBI ONMMCAHIS OMHAPHOTO OTHOIIEHUS: TIEPEINC-
JeHueM map, tabsmreit (Marpureii), nBymoapHbIM rpadom. lepexos or ogHoro crocoba
OIHMCaHUs K JIPYTOMY OBIBAET IMOJIC3€H Ha MPAKTUKE; BEPHEMCS K MPUMEPY U3 JIEKIIUHA O
napocovetannsx. [IpegacraBpre, 9T0 A — MHOXKECTBO TPOIECCOPOB, a B — MHOXKECTBO
sajad. Muoxkectso nap (a,b) 3a1aér oTHoIeHne R — BBITOJIHUMOCTH 3aja491 b Ha 1Po-
reccope a. 3ajiada cOCTOUT B BbIOOpe mojaMHokecTBa f C R, TAKOro 9TO B €JIUHUILY
BPEMEHHU DEIaeTcsl MaKCUMAJIbHOE YUCIIO 3a/1ad, IPH STOM KazKJIbIil IIPOIEcCOp perraer
He 6oJstee oyHoi 3a1a4u. Ha s3bIKe JIBYIObHBIX IpadOB 9TO O3HAYAET, YTO TpedyeTcs
HalTH MaKCHMaJbHOE Iapocoderanne. B ciydae, ecim moydmioch 3a/1eficTBOBATh BCE
IIPOIIECCOPBI, Ha sA3bIKe (DYHKIUI 03HAYAET, YTO HAWIEHHOE OTHOIIECHNE [ — WHBHEKINs,
a ecJid IIpU TOM 3a/efiCTBOBaHbI U BCe 3aja9H, TO [ — OWeKIus.

10.2 IIpumepsl 1 cBOIiCTBA

B mociieinem mpumepe mpeibLIyIero pas3iesia Mbl YIOMHY/IH, 9TO (DYHKIUS — 9acT-
HBII cJIydaii OMHapHOIrO OTHOIEeHudA. Ecin ObITh ToUuHee, TO hopMaIbHOE OIIPeIe/IeHIe
dyHKIN 1 JJaéTcd Yepe3 OuHapHoe OTHOIICHUE.

Onpenenenune 4. Bunapuoe otnomenne f C X X Y HazwpiBaeTcs GyHKUUOHAADHBIM
wim pynryuet, eciu us (z,y) € f u (z,y') € f caenyer, aro y = v/

B ciayuae dyukumit daxr (z,y) € f obosnauator uepes f(xr) = y.

[Tyctb R € X x Y B ciuyuae, ecyiu Ve € X3y € Y : (z,y) € R, oTHOIIEHNE
R unasbiBaercs (ae8viMm-)momasbrovim. ToranbHoe u QyHKIMOHAIBLHOE OTHOIIEHUE
f € X XY sBisiercst BCIojLy OIPEJIEIEHHO# (TOTAIBHOM) (DYHKIHEH Wi 0TOOpasKeHIeM.

Ornomenne R C X XY spistercss unsekmueHnwsim, eciim us (r,y) € Ru (2',y) € R
ciiejyer, 9ro & = x'.
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Ornomenne R C X XY spisiercs cropsekmusHum, ecn Vy € Y3r € X @ (x,y) €
R.

ToranbHbIe THBEKTUBHBIE OTHOIIEHUST 3aaI0T UHBEKIINH, TOTAJIbLHBIE CIOPbEKTUB-
HbI€ — CIOPBEKITUHU, TOTAJIbHbIE NHHEKTUBHBIE U CIOPbEKTUBHBIE — OMEKITUN.

Bunapsbie oTHOIIEHNST 3HAKOMBI BaM €O IMITKOJIBHON cKaMbu. CUMBOJIBI <, >, <, >
, =, 7 3aJ1al0T OMHApHDbIE OTHOIIEHUA. ITOOBI He OBLIO Iy TAHUIIBI, KOT/IA MbI TOBOPUM
00 OTHOIIEHUsIX, 38JJaHHBIX MAaTEMATUIECKIMI CHMBOJIAMU, MbI OYIE€M OKPYKaThb HX
ckobkamu: Harpumep, Gopmaibio (<) C R X R M0KHO 3a7aTh Yepe3 MHOKECTBO KAk

(<) ={(z,y) |z <y}

Hurare b MOXKET OBITh HEJOBOJBHBIM, YTO MBI 3a/1aJId OTHOIIEHHE (<), UCHOJIb3YsT
€ro »Ke BHYTPH; MbI CJEJIAJIN 9TO JIUIIb JJisi HArIsHOCTH. POpMaIbHO 9TO MHOXKECTBO
MOXKHO OBLIIO OBI OIICATH U C IOMOIIbBIO JIEKAPTOBOM IIJIOCKOCTH: B HEI'O BXOJAT BCE
TOYKH JIezKallue Ha IPAMONA Yy = T ¥ BCE TOYKHU BBbIIIE 3TON HPAMOIL.

Mgt Gy/ieM ucrosib30BaTh ycTosiBilieecss 0603naveHue xRy, paBHOCHIBbHOE (T,Y) €
R; BRI K HEMY yzKe XOPOINO MPUBBLIKJIN: 3allUCh T < Y O3HA4YaeT HU UTO MHOE, KaK
x,y € ().

B ciyuae, korma R C A x A, roBopst, uro orHOmeHne R 3adano Ha mHooaHcecmae
A. Cocpenorounmcest Ha CBOMCTBAX TaKUX OTHOIIEHMUIA.

Onpenenenue 5. Orromenne R C A x A

o peaexcusro, eciim Va € A : aRa;
o cummempuuro, eciu Va,b € A : aRb = bRa;

e mpan3umuero, eciu Va,b,c € A: (aRb) A (bRc) = aRc.

ITpumep 18. IIposepum 31u cBoiicTBa /st oTHOMeHns (<) Ha MHOXKecTBe R. OTHO-
menne (<) pedyleKCUBHO: JEHCTBUTENBHO, 7T JIIOOOr0 YUC/Ia a CIPAaBEINBO 4 < a.
Ornomenre (<) He cuMmMeTpudHO: jeficTBuTeabHo, 1 < 2, o 2 £ 1. OTHOmenue ()
TPAH3UTHBHO: Kakue Obl TPU YHCJIA @, b U ¢ Mbl He B3slJIU, OJLyIUM, 9TO eClii a < b u
b<c, toa<c.

VYuparkuaenune 6. [Iposepbre Kaxk0e coiicTBa [yist oTHOIIeHU (>), (=), (#) Ha MHO-
xecTBe R.

10.3 OTHOIIEHNd SKBUBAJEHTHOCTHI

Onpepenenue 6. PediiekcuBHoe, CMMMETPpUIHOE U TPAH3UTUBHOE OTHOIIEHIE Ha3bI-
BalOT OMHOUWEHUEM IKEUBAAEHMHOCTNU,.

Crenas yupazkaenne 18 BbI yCTaHOBH/IM, 9TO cpean ornommenuit (<), (>), (=), (#)
OTHOIIIEHIEM SKBHBAJIEHTHOCTH $IBJIAETCS TOIBKO paBeHCTBO. OTCIONA U CIIE/LyeT CMBICT
9TOrO HMOHSITHSL: OTHOIICHHST SKBUBAJIEHTHOCTH ONPEIE/IAIOT KaKie OObEKThI CIUTAIOTCS
OJIMHAKOBBIMH, & Kakue HeT.
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ITpumep 19. Oupenesium oTHOIIIEHUE ~ Ha MHOXKecTBe Z X Ny cjieyronmm odpas3om:

z z

(z,n) ~ (#/,n'), ecim m TompKO ecm — = —. Ecam uurarens He coobpasui, 9TO 3a
n n

OTHOIIIEHUE MBI TTIOCTPOUIU, TO COODIIMM, YTO MbI TOCTPOUIN OTHOIIIEHUE PABEHCTBA
Ha MHOXKECTBE OOBIKHOBEHHBIX Jpobeit. OcTaBiisieM YNTATENI0 MPOBEPUTH, ITO ITO
oTHOIIIeHHE peIEKCUBHO, CAMMETPUYIHO U TPAH3UTUBHO; CAMOCTOSATE/ILHYIO ITPOBEPKY
MBI OCTaBJIsIEM U JIJIST TIOCJIETYIONIX TTPUMEDPOB.

ITpumep 20. Cremyromuit mpuMep OTHONMIEHUS SKBUBAJIEHTHOCTH — OTHOIIIEHNE PaBeH-
CTBa TPEYTroJIbHUKOB Ha I10cKOoCTU. [0 cepemnbl XX BeKa BMECTO CJIOBA «PaBEHCTBO»
B yUeOHHUKaX 110 N€OMETPHUH KCIIO/Ib30BAJIM TEPMUH «KOHI'PYIHTHOCTD .

ITpumep 21. Ilpuseném emmé ouH MpuMep OTHOIIECHUS SKBUBAJIECHTHOCTH U3 M€OMETPUN:
OTHOIIIEHNE TTO00W TPEYTOJIbHIKOB.

IIpumep 22. llepeitiém Tenepb K MareMaTH4decKoMy anan3y. Hamomuum, 9To mep-
BoOOpasHoil dyrkImnu f, HasbiBaercs Takas Gyskiua F, aro F'(z) = f(x) nis Beex
x € Dom(f). OrHorenne 6bITH epBOOOPA3HOI OIHOI 1 TOl ke DYHKIMHI f sIBIIsIeTCst
OTHOITIEHNEM KBHBaJIeHTHOCTH. KcTaT, n3 Kypca aHaaIn3a W3BECTHO, UTO JIIOOBIE JIBE
epBooOpas3Hbie OIHON U TOM Ke (DYHKINU, OTJIUIAIOTCS JIPYT OT Jpyra Ha KOHCTAHTY.

ITpumep 23. OTHomeHMe paBeHCTB Ha Oy/IeBbIX (QYHKINAX, BBEJIEHHOE HAME Ha TIEPBOil
JIEKITUU, SBJISETCH OTHOIIEHNEM SKBUBAJIEHTHOCTH.

WuryntuBaO sicHo, uTo ecym orHOIeHne ~C A X A — oTHOIIIeHNEe SKBUBAJIEHTHOCTH,
TO BCE€ 3JIEMEHTHI MHOXKECTBa A MOZKHO paB6I/ITb Ha IIOAMHOXKECTBa IIOIIapHO 3KBHUBa-
JICHTHBIX MexK]1y co0oii 00bekToB. B oauHakoBble MOIMHOYXKECTBA TOMAIAIOT JIPOOH,
3a/1aI0IIe OJTHO U TO K€ paIliOHAJILHOE YHCJI0, PABHBIE WX MOJ00HBIE TPEYTOJIbHUKH
(B 3aBHCHMOCTH OT OTHOIIIEHUsI), & TAKZXKe IePBOOOPA3HbBIE OJIMHAKOBBIX (DYHKIIUI.

STa MHTYUIHA OTPazKacT OCHOBHYIO Te€OpeEMY 06 OTHOIIIEHUAX 9KBUBaAJIEHTHOCTU.
Yro06b1 €€ chopmymnpoBaTh, popMaaIn3yeM cHadaJa MOHATHE KJacca SKBUBAJEHTHOCTH.
[Tycts ~C A X A — oTHOIIeHne 3KkBUBaIeHTHOCTH. OTIpeieinM KAacC aK8UBAAEHMHO-
cmu [a] KaK MHOXKECTBO BCEX TAKHUX JIEMEHTOB MHOXKECTBA A, KOTOPbIe SKBUBAJEHTHBI
9JIEMEHTY @

la] ={z |z € A, v~ a}.

Teopema 7. Kaacco sxsusanenmmuocmu [a] u [b] (no omuowenuro sxeusasernmmocmu ~)
aubo ne nepecexaromesa', aubo cosnadarom. Mnootcecmeo A pasbusaemca 6 obsedunenue
KAGCCO8 IKBUBAACHTHOCTIU.

HokazareabcTBo. fcHo, 9TO

A=Jlal,

acA

IIOCKOJIbKY KazKJIblil KJIace [a] COmepKuT 3/eMenT a B cuity pediekcusaocTr. Jlokazkem
Tenephb MepByio YacTh TEOPEMbI OT TTPOTUBHOTO.

Homycrum z € [a] N [b] u [a] # [b]. Pas z € [a] n z € [b], ox ~anxz ~ b B
CUJIy CUMMETPUYHOCTH TIOJIy9aeM, UTO @ ~ T, & [0 TPAH3UTUBHOCTHU MOJIYIAEM, UTO

!HamommmM, uto muoxkectsa A u B me mepecekaiores, ecmn AN B = @.
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a ~ b, paz a ~ x ~ b (9ra 3anUCh 3HAYAT «a ~ T U = ~ by»). 3HaunT a € [b] u u3
CHUMMETPUIHOCTH W TPAH3UTHBHOCTHU IOJIy9IaeM, UTO KayKJIbIil 9JIEMEHT Y U3 Kjacca |al
TaKyKe MPUHAIJIEXKUT Kiaccy [b]:

y€laj=y~a=a~y=b~a~y=b~y=y~h
To ecrb MbI nokazasw, 4to [a] C [b]. CuMMeTpHIHbIE PACCYZK/ICHHS OKA3bIBAIOT,
uro [b] C [a], a 3naunT KiIaccs [a] u [b] COBIAIAIOT, €CIIN EPECEKAIOTCSL. O

D1a Teopema 0ObACHIET, I9TO OTHOIIEHUE SKBUBAJCHTHOCTU Pa30MBACT MHOYKECTBO
A na nonmmuoxkectBa. Popmasuzyem 3o yreepxkaenne. Cemeticmeom (MHOKECTB)
Ha3bIBAETCS MHOYKECTBA, 3JIEMEHTAMU KOTOPOT'O SIBJISIOTCH MHOYKECTBO.

Onpenenenne 7. Pazbuenuem MHOXKeCTBa A Ha IMOIMHOMKECTBA HA3LIBAETCS CEMeEii-
crBo F C 24, /It KOTOPOTO CIPABEJINBLI CIIEIYIONINE YCIOBHSI

* IEF;
e A= B;
BEF

e VB BeF:B#B =BNB =02.

To ectb, pa3bueHne MHOXKeCTBa A — 3TO ceMeCTBO HEIIYCTHIX MTOMAPHO HelepeceKa-
IOINXC €r0 TMOJIMHOXKECTB, JaiommX B oobeaunennn A. MuoxkectBa B € F Ha3bIBaIOT
baoxamu paszbuenus F.

Nrak, Kjacchl SKBUBaJEHTHOCTH 0Opas3yiorT pasbuenme MmuoxkectBa A. C apyroii
CTOPOHBI, KaKI0My PasONEeHNI0 MHOKECTBa A COOTBETCTBYET OTHOIIEHNE SKBUBAJICHT-
HOCTH «3JIEMEHTBI ITPUHAJIEYKAT OJHOMY OJIOKY pasduenusi». PopMaabHO pazdneHuio J
CTABUTCS B COOTBETCTBHE OTHOIIEHIE

~NF= {(Iay> | EIBEFI.Z”yEB}.

CaenctBue 3. Meowcdy pazbuenusamu muodtcecmsa A u OUHADHBLMU OMHOULEHUAMU
Hna A ecmv buekyua, KOmopas cmasum 6 coomeemcmeue pazbueruro F ommuouserue
IKEUBANEHMHOCTIU ~ F, KAACCHL KOMOPO20 ABAANOMCA OAokamu padbuenus J .

JlokazaTeabCTBO CJIEJICTBUSI OCTABUM YUTATEJIO0 B KAaUeCTBE yIPaKHEHU.

OTHoOIIEHNsT SKBUBAJIEHTHOCTH TOJIE3HBI M B MATEMATHKE W B IIPOrPAMMUPOBAHNN.
Ecau BbI peanmuzyere na C+-+ Kjacc pallmoHAIBHBIX 9HCeN Yepe3 0OBIKHOBEHHBIE PO,
ssieMenTbl MHOXKecTBa Z X Ny, To mapsr (1,2) u (2,4) 3aai0T OJHO U TO Ke YUCJIO:
1/2 = 2/4; 3madur, HA caMOM Jiejie BaM HYKHO JIMOO Pean30BATh DAIMOHAJIbHBIE
4qucIia, IMepeijid K KjaccaM SKBUBAJEHTHOCTH 110 OIMCAHHOMY OTHOIIIEHUIO, 1, HAIIPUMED,
KaXK/JIblil pa3 XpaHUTb B KJIACCE HECOKPATUMYIO JIpOOb, JIMOO Pean30BaTh OIEPAIUIO
paBeHCTBa Yepe3 NPOBEPKY Ha SKBUBAJIEHTHOCTb.

B ciiygae maTremMaTuKu, OTHOIIECHUS SKBUBAJIEHTHOCTH TO3BOJISIOT OIIPEICTUTD MHO-
r'e MOHATHSA W MCIOJIb30BaTh OCHOBHYIO T€OPEMY JIJIsl JIOKA3aTeIbCTBa COOTBETCTBYIO-
ux cBoiicTB. Tak, HeolpeIe/JIEHHBIN HHTEeTrpaJl f f(z)dz dopmasbHO gBIsIETCH KIACCOM
SKBUBAJIEHTHOCTH, IIOTOMY U IUIIYT

/f(x)dx = F(x)+c.
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B kadectBe mpuMeHeHMsT OCHOBHOW T€OPEMBI BBEJIEM OTHOIIEHUE JTOCTUKUMOCTH
Ha MHOYKeCTBe BEPIINH HeopueHTupoBanHoro rpada G. BepmmHa v gocTmkuMa us v,
ec B G ecTb iyTh U3 v B u. IIpoBepbTe, 9TO 9TO OTHOIIEHUE SABJIAETCS OTHOIICHUEM
sKBuBaseHTHOCTH. Kakue e y Hero kiaccel! [logmuoxecrso U C V(G) apasercs
KJIACCOM SKBUBAJIEHTHOCTU 10 OTHOIIEHUIO JOCTUKUMOCTH, €CJIM JIjIs JII00OH mapbl
BepIuH u, v € U BepiinHa u JOCTUXKUMA U3 U U KPOME TOT'0, HET JPYTUX BEPIIUH B
V\ U, mocTmKuMBIX 13 HEKOTOPOii BeprmuHbl u € U. Takum 06pasoM, WHLY THPOBAHHBII
noarpad G[U] saBisiercss komnoHenToit ceszHoct B rpade G! Urtak, Mbl 1oka3ain
JaBHO OOeIaHHbI (haKT, KOTOPBIA BBITEKAET U3 OCHOBHOU TeOpeMbl 00 OTHOIIEHUSIX
SKBUBAJIEHTHOCTH (TEOPEMBI 7).

Teopema 8. Komnonenmot c6asnocmu (npocmozo HEOPUEHMUPOS8arHo20) epaga Aubo
He codepotcam obwux eepuwiut, Aub0 cosnadarom. JI10bot epagd asasemca 0bsedureruem
CEOUT KOMNOHEHM C8AZHOCTIU.

[IpuBeném ermé oaua TpuMep OTHOIIEHUs] SKBUBAJICHTHOCTH, C KOTOPBIM MBI yKe
CTAJIKUBAJINCh B KOMOMHATOPUKE.

IIpumep 24. Badukcupyem muoxkectso [n] = {1,2,...,n} u aucio k u obo3HaUNM
qepe3 A MHOXKeCTBO cJIOB JITHHBL k Haj asidasutoM [n]. Beeaém ciemyrormee 6urapHoe
OTHOINEHUE: CJIOBA T1L3 ... T, U Y1y . . . Y HAXOAATCA B OTHOMIEHNE ~ TOTJA U TOJHKO
TOrJIa, KOTJIa MHOXKeCTBa {T1,Ta,. .., Tx} U {Y1, Y2, ..., Y} COBIAIAIOT:

T1To .. T~ Y1Yo .- Yp = {x1, %2, ..., Tk} = {Y1, Y2, -, Uk}

DTO OTHOIIIEHNE ABJISIETCSA OTHOIIEHNEM SKBUBAJIEHTHOCTH U €r0 KJIACCaMU ABJISTFOTCS
HOJIMHOZKECTBA k-3JIeMEHTHBIE TTOJIMHOYKECTBa MHOXKecTBa [n]. MbI dhakTnueckn ncmosb-
30BaJIi 9TO OTHOIIEHUE B IpuMepe 16 jj1s1 BbIBOIa, (DOPMYJIBI JIjIS YHCET COUCTAHUS.
OcHoBHOIT (haKT, KOTOPBI MbI UCIIOJIb30BAJIN: BCE KJIACCHI SKBUBAJEHTHOCTUH MMEIOT

Al
onuHAKOBBIN pasmep k!. Orcroma ciaeayer, 9T0 KOJIUIECTBO KJIACCOB PABHO ——

k!

10.4 Omnepanuu ¢ OMHAPHBIMU OTHONIEHUSIMU

[Tockosibky OunapmHble OTHOIIEHHS (DOPMAIHHO SABJSIOTCA MHOYKECTBAMU, K HUM
[IPUMEHUMbBI BCE TEOPETUKO-MHOXKECTBeHHbIe oreparuun. O0parumM BHUMaHUE, 9TO OIle-
paruu y100HO BBIMUC/IATh, B CJIydae, €CIu OMHAPHDBIE OTHOIICHUS 3a/IaHbl MATPUIAME:
ecim R =PNQ, 10 2Ry <= (xPy) A (xQy), T0 eCTb JJIsi BBIYUCICHUS MATPUIIBI
OTHOIIEeHNs R HYKHO B3AThb MO3JIEMEHTHYIO KOHBIOHKIIMIO MATPUIL OTHOIIEHNH P 1
(2. 31ech MBI UCIOJIBL30BAIN yKe XOPOIIO U3YUEHHYIO HAMU CBA3b MEXKJIY aJre0poit
MHOKECTB U aJIrebpoil JIOTHKH.

Baurenbublil auTaTes b y2Ke coobpasus, YTo OMHAPHBIE OTHOIIEHUA HUYEM HE OT-
JIMYAI0TCA 0T OMHAPHBIX [PeInKaToB: npejaukar R(z,y) = 1 Torma u TOJBKO TOIjA,
KOI'JIa BBITIOJTHsIeTCs oTHOIenne x Ry. Kak Bcerjia, B pa3HbIX BETBIX MATEMATUKU BO3-
HUKAIOT Pa3Hble OIpeJie/ieHns 1 0003HAYCHUS JJIsi SKBUBAJIEHTHBIX OOBEKTOB, U 3TU
PACXOXKIEHNST CO BPEMEHEM U3KUTH OUeHb TSIKEJIO.

[ToMuMO TEOPETUKO-MHOXKECTBEHHBIX OIEPAIHil, H3yIUM PsiJi €CTECTBEHHBIX OIllepa-
Ui 11T OMHAPHBIX OTHOIIEHUIA.
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Omneparusi o6pariieHns: (TPAHCIIOHUPOBAHUS )

Ob6pammvim omroweHuem K orHorennio R C A X B Ha3bIBalOT OTHOIIEHNE
R'={(y,z) | zRy} C B x A.

Omneparust obpallieHrsi OTHOIIEHWI N3BECTHA TaKxKe KaK Ollepalis TPAHCIOHHPO-
BaHUsI, IIOCKOJIbKY B CJIydae OTHOIIEHU MeKIy KOHEIHbIMH MHOXKeCTBaMH, oOpaTHOe
OTHOIIIEHNE 33JIa€TCsI TPAHCIIOHUPOBAHHON MaTPUIEN MCXOIHOTO.

Yupaxxuenue 7. Jlokaxkure, aro orHomenne R C A X A cHMMETPUIHO TOT/Ia U TOJBKO
Torza, Korga R = R~ Beipasure cBofiCTBO CHMMETPHYHOCTH Ha A3BIKE MATPHIL.

B cayuae, ecim orromenne [ dyHKImoHaIbHO (siBsisieTcs (DbyHKIHEH) n 0bpaTHoe
K HeMy OTHOIIeHHe sBJjsgeTcs (DyHKIMeil, To oTHoIeHHe f ! peaausyeT oOpaTHYyIO
dyukmuio. B stom citydae dyuknug f HazbiBaeTcs 06pamumoti.

Vupasknaenune 8. JlokaxknuTte, 9T0 oTHOmenne R~ hyHKIMOHAILHO TOTIA U TOJBKO
TOrJIa, KOrjia oTHoIeHne R pyHKIIMOHAIBHO U UHbHEKTHBHO.

HamomumM, 9To B caydae (byHKIMH 3amuch f ' o3HagaeT MOIHBIH mpoobpas. 1

9Ta 3alUCh OCMBICJIEHA C TOYKH 3peHns OMHAPHBIX OTHOIeHui. JItoboMmy duHapHOMY
ornomennio R C A x B coorsercrByer dynkims fp : 24 — 28, takas 4ro s moboro
nopmuOKecTBa X C A cripaBeinBo

fr(X)={y |3z € X : zRy}.

B cayaae korma R sBisiercst byHKIMei, orobpakenne fr BO3BpaliaeT odpa3 MHOXKe-
crBa X, mostomy s cokparenus u muntyT f(X) u gaxe R(X). Orobpaxkenne fp-1
(nyst obpaTHOTO K R OTHOIIEHMsI) BBIYUCIAET HOJHBIA Tpoobpas Mmuoxkecta Y C B.

Onepanust KOMIIO3UIINM U CBsI3b C Oa3aMy JaHHBIX

[IepBbIM crIoCOOOM OnucaHusd OMHAPHBIX OTHOIIEHUH, KOTOPBI Mbl U3Y4U/IU, OBLIN
tabsuipl. Tabuna u3 npuMepa HAIIOMUHAET YIPOIIEHHYIO BEPCUIO TAaOJIMIBI Oa3bI
JIAHHBIX: B peaJibHO# 0a3e JJaHHBIX TaOJIMIIbI UMEIOT MHOT'O CTOJIOIOB M 3HAYEHHE B
KaxKJIoM u3 HuX He obszarenbuo 0 wiu 1. Tem He Menee, pessiinoHHbIE OA3bI TAHHBIX
HepyT cBOE Ha3BaHMe OT OTHOIIEHNT (relations) mpasa mponsBo/bHOI apHOCTH. B 061mem
ciydae, k-apHOe OTHOIIIEHUE OIPE/IEISIeTCsT Kak TMOIMHOXKECTBO JIEKaPTOBa, IIPOU3BEICHUST
k MHOXKeCTB:

RgAlx.AQX...XAk.

JIJ1sT IIPOCTOTHI MBI CIATAEM OIEPAINIO IEKAPTOBA IPOU3BEIEHNS ACCOIMATHBHOM, 1
CYMTaEM, 9TO SJeMEeHThI MHOKecTBa A X Ay X ... X Ap — 310 (yHopsaoueHuble) HaGOPHI
WK KaK UX eI Ha3LIBAIOT KOPMEHCU:

Al><A2x...xAk:{(al,ag,...,ak)|ai€Ai}.

BameTnM, 9TO Mbl HAYMHAIN U3yYeHHe Kypca ¢ OTHOMIEHW T apHOCTH 1 — 9TO MPOCTO
MHOXKecTBa. B pabote ¢ 6azaMu JTaHHBIX BaXKHYIO POJIb UI'PAET Ollepalius KOMIIO3HUIIUH,
KOTOPYIO MbI OIIPEJIEIUM TOJIBKO JIjIsi OMHAPHBIX OTHOIIEHU, HO CYTH 9TO HE MEHSET:
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Ha k-apHbIe OTHOIIIEHUs] MOYKHO CMOTPETh KaK Ha OuHapuble, cantas, uto R C Ay X B,
re B = Ay x As x ... x Ay.

[Iepen dopmasbHBIM ONpe/ieIeHrneM KOMIIO3UITUN OTHOIIEHW, HAYHEM C IpUMepPa 1
MIPOBEJIEM €ro Ha sA3bIKe IpadoB.

B yauBepcuteTe ecTh MHOXKECTBO CTYAEHTOB X, pacHpee/IEHHBIX 110 MHOXKECTBY
dakynbreToB Y. 1o pacupenenenne 3aaaét oraomerne P C X x Y. V yHuBepcurera
TaKyKe eCTb MHOXKECTBO 3J/IaHUN 7, NIPU 3TOM pas3Hble (HaKyJIbTeThl TPOBOIAT CBOU
BaHATHS B PA3HBIX 3/aHugX: HaKyJIbTeT Yy HAXOAUTCS B OTHOIIEHNU () CO 3/IaHUEeM 2,
€CJIM U TOJIKO €CJIH Y KAKOW-TO U3 IPYIIIT €CTh 3aHATUS B 3/IaHUU 2. [J1d MOBBIIIIEHNsT Mep
Oe30macHOCTH aJMUHUCTPAIUs (DAKYIbTETA PEIIUIa MPEJOCTABUTE CTYIEHTAM JIOIYCK
TOJIBKO B Te 3JIaHUsl, B KOTOPBIX Yy €CTh 3aHsdATHs y ux (akynbrera. s stux nesneit,

aJIMIHUCTpanus n300pasuia oTHOIeHust P u () ¢ HOMOIIBIO TPEXI0/IbHOTO rpada
(puc. 10.3).

Puc. 10.3. Kommosuniusi GuHapHBIX OTHOIICHUH

flcno, 9TO CTYIEHTy x; Hy?KHO JIaTh JIOCTYI K 3JIaHHIO Zj, €CJIM U TOJIBLKO eCId U3 T;
MOZKHO JI00paThcd JI0 2j depe3 KaKylo-TO BepIIMHy MHokecTBa Y. OOo3HaunM depes
R otnomenue mgoctyria CTyJ/eHTa K 37aHUI0. flcHO, UTO T9Rz4, TOTOMY YTO To Py, 1
YoQz4. OTHOmEenne R u Oyjer pe3yabTaToM KOMIIO3UIMK OTHOIeHUH P u (), KOTOpYyIO
MBI TOTOBBI TeII€Ph ONPEJICIUTDL (DOPMATHHO.

QoP={(x,z) |y eY : :xPyANyQz}.

Obparure BHEMaHHE Ha MOPsJIOK ollepan 0B Komiosunuu. OH He coBmagaer ¢
IIOPAJIKOM OTHOIIIEHUA Ha KapTUHKE, HO COBIIaJa€cT C IIOPAJIKOM OII€paHJ0B IIPpU KOMIIO-
surun dyuknuii: (f o g)(x) = f(g(x)). Msl cieyeM JaHHOMY COIVIAIIEHHIO O HOPSIKE
OIepanIoB, 9TO0bI He GBIIO HEJA0Pa3yMEHNUil IPH CTAHIAPTHOH KOMIIO3HUINE (DY HKILHII.
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Jlekima 11

OpueHTupoBaHHBIE I'PadbI U
OTHOIIEHUA IIOPSIIKA

Ilnan:

1. Onpenenenne opuenTupoBannoro rpada. Vcxondime u BXogdIIe cTeneHn —
aHaJjior (GOpMyJIbl CyMMBbI CTEIIEHEHiT JIJisi HEOPUEHTUPOBAHHOIO I'pada.

2. KoMIIOHEHTBI CHJIBHOM CBA3HOCTHU
3. T.: Cienyromue ycjaoBus JJisi OpUEHTUPOBAHHOIO I'Pacda PABHOCUILHBIL:

e Kaasi KOMIIOHEHTa CHJIBHOMN CBSI3HOCTH TPUBHAJIbHA (COCTOUT U3 OJHO
BEPIIUHbI )

e ['pad anukmaecknii

e Bepmunabr rpada MOKHO 3aHYyMEpPOBaTb Tak, 9TO PEOpa UIYT TOJIBKO OT

BEpIIMH C MEHBIIINM HOMEPOM K BEPIINHaM C OOJILIIINM HOMEPOM.

4. OTHOIIEHNS YaCTUIHOTO IOopdAIKa

[Ipumeps! orHOIIEHNUIT TIOPsIIKA (TTOKOOD/IMHATHBI TTOPSITOK )
o JIuHeHbII TOPSTIOK

e OTHOIIIEHIE HEOCPEICTBEHHOTO cieloBanus u ero rpad (nauarpamma Xacce)

[TokoopauHATHBIN TTOPSATOK

Bynes KyO — BoudHbBIE CJIOBa, YIIOPAI0YEHHBIE ITOKOOPINHATHO

Hedopmanwsho, opnentTupoBanuble Tpadbl COOTBETCTBYIOT MEPEKPECTKAM M JIOPOTAM
C OJIHOCTOPOHHUM JIBUZKEHUSAM; €CJIU MeXKJly YJIMIAMU ¥ U U JIBYCTOPOHHEE JBUKEHHUE,
TO €CTh KakK pebpo u3 u B v, TaK U pedpo u3 v B u. PopMaabHO, OPUEHTUPOBAHHBIHI
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rpad sagan mapoit (V, E), rie MHOXKeCTBO BepIinH V' KaK M PaHbIIe IPOU3BOJIBHOE, a
MHOXKeCcTBO FF C V' X V — cocTouT n3 ynops04eHubiX map Bepiiui. [lo-ymomuanuro,
MBI CYUTAEM, UTO B KaXKJIOW Hape BEPIITUHbI PA3JIMIHBI:

E C{(u,v) |u,v €V, u#v}.

Pébpa Buya (u, u) HA3BIBAIOTCS MEMASMU U OHU BOSHUKAIOT €CTECTBEHHBIM 00pa30M

[IPpU ONKUCAHUU OMHAPHBIX OTHOIIEHUN C ITOMOIIBIO0 OpUeHTHPOBaHHbIX rpados. Takxke

4aCcTO PACCMATPHBAIOT MapaJliesbHble (KpaTHble) PEOpa, HO HAM OHU He MPHUIOJISITCA.
[Ipumep opuenTupoBanHoro rpada npuseaéH Ha puc. 11.1.

®© a ®

Puc. 11.1. OpuentupoBannsriii rpad G.

11.1 Dba3oBble NOHATHUS JIJII OPUEHTUPOBAHHbBIX
rpacdosn

Omnpesiesienusi, BBEJIEHHBIE HAMU JIJIs HEOPUEHTUPOBAHHBIX I'PadOB, C MOIpaBKaMu
[EePEHOCATCs Ha opreHTnpoBanuble. Mexodsawet cmenensto Bepiniabl d . (u) HaUnHA-
eTcst YUCII0 PEGEp, MCXOJSIINX U3 BEPIINHbI U, 8x0daweti cmenenwsro d_(u) — ducio
pEdep, BXOAANNX B U. AOMHATH 3HAK MOXKHO I10 IO IPABUIY «TOK HJET OT ILTIOCA K
MuHycy». Bepmumnbl Bxozdiei crenern () HA3BIBAIOT UCTNOYHUKAMU, K TAKIM OTHO-
curcst Beprmuaa s (d_(s) = 0), a BepIIUHBI ¢ HYJIEBOI HCXOMSIIEH CTEIEHBIO HA3BIBAIOT
cmoxamu: d(t) = 0. VIcTO9HUKE U CTOKH 9acTO 0003HAYAIOT COOTBETCTBEHHO Y€pPe3 S
u t, OT cJIOB source u target, XoTs CTOKM Ha aHIVIMHACKOM M Ha3bIBaloTCsd sink.

Teopema o cymme creneHeil BEpPIIMH IIPU IIEPEHOCE Ha OPUEHTHUPOBAHHBIE I'Padbl
TPUBHAJII3YETCS.

VYrBepxkaeuue 10. Zd+(u) = Zd_(u) = |E|.

ueV ueV

[Toarpadbl, My TH 1 IUKJIBI OUPEIESIOTCS aHAJIOTHYHO HEOPUEHTUPOBAHHBIM Ipadam,
TOJIBKO BMECTO HEOPHEHTUPOBAHHBIX ITyTeil U IUKJIOB UCIIOIb3YIOT OPUEHTHUPOBAHHBIE.

B ciaygae opueHTHPOBaHHBIX rpadOB UK/ MOXKET ObITh W HA JBYX BepIINHAX:
HIPUMEPOM TaKOro IUKJIA CJIyKUT mnojarpad rpada G, nHIyIMpOBaHHbINH BepiiuHamu d
u e (ma puc. 11.1).

B cityqae opueHTHPOBAHHBIX rPadOB MPOIIE UMETH JIEJIO ¢ MaPIIPYTAMHU, OIIPeIeIe-
HIe KOTOPBIX He MEHSIeTCs IPH [EePexojie 0T OPHEHTHPOBAHHBIX rpadoB. Mapwpymom
B OPUEHTHPOBAHHOM T'pade HA3BIBAETCs MOCJIE[OBATEILHOCTD BEPIIUH Vg, Vg, - . . , Up, Ta-
Kasg 910 1 = 0 u (v;,v;41) € E(G) ma 0 < ¢ < n — 1. Obparum BHEMaHUE, ITO BTOPOE
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Puc. 11.2. OpuenTupoBaHHbIE [TyTh W IIAKJI

YCJIOBUE TIPUMEHMMO TOJIBKO B CJIydae, KOIJia B MapIipyTe O0JIbIle OJIHON BEPIINUHBI, a
IOTOMY JII00as IOC/Ie0BaATEIbHOCTD U3 €JIMHCTBEHHON BEPIIMHBI CIUTACTCS MAPIIPYTOM.
Zlauna mapwpyma — 310 GIUCIO PEOGEP, COSTUHSIONINX BEPIIUHBI MapIIpyTa; OHO
COBHIIQIAeT ¢ N. MapipyT HaA3BIBACTCH 3AMKHYMbBLM, €CITU Vg = Uy,.

Cutetytormast leMMa, CBA3BIBAET MapIIPYThI, IIYTU U UKL Eé 10Ka3aTelbcTBO MbI
OCTaBJISIEM YUTATEN0 B KAYeCTBe yIpaXKHEHUe (OHO MOYTH MOBTOPSET PACCY ZKJICHUsI
JIUIsE aHAJIOTUIHOMN JIEMMBI JIJI HEOPHEHTUPOBAHHBIX I'PadoB).

Jlemma 6. Meowcdy dsymsa 6epuunamu OPUEHMUPOSAHHO20 2pada CYWECMEYEm nyms
moz2da u moavko moada, Ko2da mexHcdy HuUMU cywecmeyem mapwpym. B epage ecmo
yuKA moeda u moavko moada, k020a 6 HEM eCMb 3aMEHYMBLT MAPULPYM NOAOACUMEND-
HOT ONUHDL.

KoMnoHeHTBI cJIBHOI CBSI3HOCTH

Crenyromuit TepMUH Ha O9epe i — KOMIIOHEHTHI CBA3HOCTHU, HO €r0 TakK IIPOCTO He
nepenecénb. I3 puc. 11.1 gcHO, 9TO M3 BEPIIUHBI S €CTh IIyTh B BEPIIUHY ¢, a MyTH
obpatHo HeT. IToaToMy BMECTO KOMIIOHEHT CBSI3HOCTH, B OPUEHTUPOBAHHBIX I'padax
paccMaTpuBaOT KOMIIOHEHTBI CUJILHOI CBA3HOCTH.

i omnpejiesieHnst KOMIIOHEHT CUJIBHONW CBA3HOCTU HAM TOTpeOyeTCsl OTHOIICHUE
JIBYCTOpOHHE# JlocTuzkumoct. Bepmunaa v docmustcuma u3 u, €Ciau CyHieCTBYeT
MapuIpyT U3 U B ¥; OTHOIIEHHUE JTOCTUXKUMOCTHA MEXKIY BePIIUHAMU ODO3HAUUM U ~ V.
Ormpe/iesiM OTHOIIIEHHE JIBYCTOPOHHEH JTOCTHZKIUMOCTH U ¢~ U = (U ~» v) A (v ~> u).

YrBepxkaenue 11. Omnowenue deycmoporned docmustcumocmu («~) — omuowerue
IKBUBAAECHMHOCTNU.

Onpenenenune 8. Komnornenma cuavHoli c8A3HOCMU OPUEHTUPOBAHHOIO TI'Da-
da — KJ1acc SKBUBAJIEHTHOCTH 110 OTHOIIEHUIO JIBYCTOPOHHEH JlocTukuMocTu. To ecThb
mHOXKecTBO U C V — KOMIIOHEHTa CUIBHOU CBA3HOCTH, €CJIM JIIOObIE JIBE€ BEPIITUHDI
MHOXKecTBa U JOCTUKUMBL JApyT U3 Jipyra u B U Helb3d J1006aBUTH €II¢ BEPITUHBI C
COXpaHEeHHeM 3TOro CBoicTBa (MHOKeCTBO U — MAKCHMAJILHOE 10 BKJIIOUEHHIO ).

W3 ocroBHOIT TEeOPEMbI 00 OTHOIICHUAX SKBUBAJICHTHOCTU IojiydaeM, 9TO KOMIIOHEH-
Thl CUJIbHOI CBA3HOCTU HE mepeceKkarTCd UJjin COBIIaJdaloOT.
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ITpumep 25. Haiiém KoMIIoHeHTHI CuibHOM cBs3HOCTH Tpada G Ha puc. 11.1. Bep-
MIHBL d U € TOMapHO JOCTHKUMBI JAPYT u3 japyra (T.K. JexkaT Ha IUKJe) U U3 HUX
He JIOCTHZKUMBI JIDYTHE BEPIITUHBI — OHU 00Pa3yI0T KOMIIOHEHTY CUJIbHOU CBA3HOCTH.
Beprmmner a n b ToxKe JieKaT Ha IUKJE, HO OHU He 00pa3yloT KOMIIOHEHTY CUJILHOM
CBABHOCTH, TIOCKOJIBKY K HUM €I€ MOXKHO J00aBUTH BEPIIUHY C; BTOpPas KOMIOHEHTA!
muOKecTBO {a, b, ¢}. Bepumunel s u t 06pasyror OT/e/bHbIe KOMIIOHEHTHI CUIBHOI CBsI3-
HOCTH: KazKjiasd U3 HUX JOCTUKUMA U3 ce0d 10 OIPEJIe/IEHUI0 MapIipyTa, a JIPYTrux
BEPIINH U3 KOTOPBIX JOCTHKUMA § (UM KOTOPbIE JOCTUZKUMbI U3 t) HET.

Kaxk oMy opuentupoBantoMy rpady G MOXKHO MOCTaBUTH B COOTBETCTBHUE Ipad,
BEpIIUHAMEI KOTOPOI'O SIBJIIOTCS KOMIIOHEHTBI CHJIBHOW cBsizHOCTH (G, a pebpo BeJET
u3 BeprmHabl-kKoMioneHTsl U B U', eciin B rpade G ectb pebpo u — u', uw € U, v’ € U'.
Taxoit rpad HazbIBaOT KOHAeHcamom rpacda G; odpaTuM BHUMAHHUE, ITO KPATHBIX

pEGep B KOHJIEHCATE HET.

Puc. 11.3. I'pad xommencar rpada G.

Jlerko BuzieTh, U0 B KoHzeHcare rpada G (puc. 11.3) mer nukios. Tak mosryaniocs
CJIyYaiiHO WJIM 9TO CIpaBeIINBO s JTF000ro KoHaeHcara! laBaiiTe mccieyeM cBOMCTBA
KOMIIOHEHT CUJIbHOM CBA3SHOCTH, ‘ITO6I:>I OTBETHUTL Ha 9TOT BOIIPOC.

YrBepxkaenue 12. Bepuwurv, u u v aescam 6 000t KOMNOHEHME CUNHOT CEAZHOCTIU
mo2da U Moavko mozda, K020a OHU NEHCAM HA 3GMKEHYMOM MAPULPYME.

JokazareabcTBo. [leiicTBUTE/ILHO, YCJIOBUE JIBYCTOPOHHEN JIOCTUKUMOCTU BJIEUET
CyLIeCTBOBaHUE MapIIPYyTOB U3 4 B U U U3 U B U, CKJICUB UX IIOJIyYUM 3aMKHYTBII
MapipyT. C apyro#l ¢cTOPOHBI, 3aMKHYTBI MapPIIPYT, COAEPKAIINN BEPITUHBI U U U
OYEBHU/IHO BJICYET JIBYCTOPOHHIOIO JIOCTUZKUMOCTD. [

W3 sToro coiicTBa siCHO, 9TO B KOHJIEHCATE HE MOXKET ObITH IIUKJIOB: €CJIM Obl OHU
obLau, To KomuonenTsl U u U’ conepzkalim Obl BePIIMHLI U3 OJHON KOMIIOHEHTHI CHIILHOM
CBSI3HOCTH, YTO IPOTUBOPEYUT CBONCTBAM KJIACCOB SKBUBAJIEHTHOCTH (OHU JinbO He
[ePECeKAIOTCsl, JINOO COBIAIAIOT).

11.2 Anmkianmdeckne rpadbl

OpueHTHpPOBaHHBIN Ipad HA3BIBAETCI GUUKAUYECKUM, €CTH B HEM HET IUKJIOB,
WU, YTO PABHOCUJIBHO 110 jieMMe 0, B HEM HeT 3aMKHYTBIX MapIIPYTOB IIOJIOKATETHHOM
jmuabl. Crie/lyrolnias TeopeMa yCTaHABINBACT PABHOCUILHBIE YCJIOBUS AIMKJINTHOCTH

rpada.
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Teopema 9. /las opuenmuposannozo epaga G(V, E) pasrocusvns caedyrousue ycrosus:
(1) epad G avursuueckut;

(2) wastcdasn komnonenma cusvhol ceaznocmu 2paga G MPuUBUaAALHa, M. €. CoCmo-
um u3 euHCmMBEeHHOT BEPULUHDL;

(3) sepwunv epaga G mooicro sanymeposamv wuciamy om 1 do |V| max, wmo
pébpa G udym moavko 0m GEPUWUH C MEHBUWUM HOMEPOM 6 GEPULUNDL C DOABULUM
HOMEPOM.

HoxkaszarenbcTBo. Pasrocmibrocts yestosnit (1) n (2) BeITekaeT u3 yreepxaenns 12:
B rpade ecTh HeTPUBHUAJIbHAS KOMIIOHEHTA, CHJILHOW CBSI3HOCTH TOT/A U TOJIBKO TOT/IA
KOTJIa B HEM €CTh 3aMKHYTBI MApIIPYT JJIMHBI 2 WA OOJIBINE, & 9TO PABHOCHJILHO
CYTIECTBOBAHMIO ITHKJIA.

U3 ycoBus 3 oueBniHO ciaeyer ycaosue 1. JleficTBUTENbHO, €cin TaKas HyMepPaIlis
CYTIECTBYET, TO €CJIU ObLIT OBl IIUKJI, TO B HEM BEPIIHHA ¢ OOJIBIIINM HOMEPOM COCNHAIACD
OBl peOPOM C MEHBIITUM HOMEDPOM.

[t 3aBepIIIeHns TOKA3aTeIbCTBA TEOPEMbBI OCTAIOCH JIOKA3aTh UMILIHKAImo (1) =
(3). HokazkeM JIJIst 9TOr0 BCIIOMOTATEJIBHYIO JIEMMY.

Jlemma 7. B opuenmuposannom ayuraudeckom 2pagpe G ecmov cmoxk.

JokazareabcTBo. Bo3bMEM camblil JJIMHHBI OPUEHTUPOBAHHBIN TIyTh U1 — Vs —

— v, B rpade G. Taxoil cymecTByeT, IIOTOMY YTO MHOXKECTBO IIyTeil KOHEYHO
(BepIUHBI B IyTH MOBTOPATHCs He MOTyT). JloKaxkeM OT IPOTHBHOIO, YTO BEPIIHHA Uy,
gpisiercs cTokoM (d4 (v,) = 0). Ecim B G ectb pebpo v, — u U U # v, TO IyTh MOXKHO
cllesaTh JJIMHHEe, J00aBUB K HEMY U; €CJI ¥Ke U = v;, TO B rpade G ecTb nukJI (meresb
B G 110 omnpe/iesiennto ObITh He MoxkeT). Oba cirydasi IIPUBOJAT HAC K IIPOTUBOpednto. [

JlokazkeM ¢ moMOIIbIo JIeMMbI uMIutuKanuio (1) = (3) unayKimeit mo Tucay Bep-
mmH. Baza: jyis |V| = 1 odeBuanaa: B rpade u3 oHON BEPITUHBI HET PEGED, MOITOMY
3aHYMEPOBAB €IUHCTBEHHYIO BEPIIUHY €JINHUIEH MOTyINM KOPPEKTHYIO HYMEPAITHIO.
Iar: mycTb yTBEp2KJIeHUE BEPHO JIJIA JIIOOOTO rpada Ha 1 BePIIMHAX; COIJIACHO JIEMME
B rpade G Ha (n + 1)-oit BepimHe CYIIECTBYET CTOK — 3aHYMEDPYEM €ro 9ucjioM n + 1 u
paccmorpuM rpad G, nonyvatontuiics uz G ypajienueM 31oro croka. 1o mpeiozkeHuo
UHJIYKIUKA BepiinHbl G MOXKHO 3aHyMEpOBATh KOPPEKTHO; TIEPEHECs 3Ty HyMEpaInio Ha
G 1oJIyunM TakyKe KOPPEKTHYI0 HyMepaIio: MOCKOJIbKY u3 (n + 1)-0if BepuIuHbl He
UJIET HA OJTHOTO pebpa, NCIOPTUTH HyMePaInio OHa He MOXKET, a JJIs BCeX OCTaJbHBIX
pédep HyMmepalinsd KOppPeKTHa. ]

Hywmeparnust BepIiuH, yI0BI€TBOPSIONIAs yCIOBUIO (3) HA3BIBAETCS MOTOA02UME-
cKol copmuposKroli. DTOT NMPUEM OYeHDb ToJIe3eH Ha mpakTuke. [IpeacraBbre, 9T0
rpad G —rpad 3aBUCUMOCTH TTAKETOB (IIPOrPaMM) B OIIEPAIMOHHON crucTeme: pebpo
U — ¥ O3HAYAET, UYTO MMAKET % 3aBUCUT OT MAKETa ¥ M YTOOBI YCTAHOBUTH HOBYIO BEPCHUIO
MaKeTa U Hy»KHO CHavYaJ/Ia YCTAHOBUTH HOBYIO BEpPCHIO TTakera v. B ciydae, eciin B rpade
G €CTb IUKJIbI, O6HOBI/ITB OII€paMOHHYIO CUCTEMY HE IIOJIyIUTCA: MHOI'MM IT10JIb30BaTE-
asivi GNU /Linux 10 6071 3HaK0Ma 9Ta npobiema (4acTo oHa IPUBOIUT K T€PEYCTAHOBKI
Beeil omeparmonHoii cucrembl). Ecim ke rpad anukamdecKuil, To Jijis KOPPEKTHOTO
OOHOBJIEHHSI HY?KHO BBITIOJTHUTDH TOIIOJIOTUYIECKYIO COPTUPOBKY U OOHOBJIATH IAKEThI
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B TIOpsijiKe yObIBaHMsI HOMEPOB (YeM BBIIIe IPUOPHUTET, TEM PAHBIIE HY?KHO OOHOBUTH
HaKer).

11.3 OpuenTupoBaHHbIe Tpadbl 1 OMHAPHBIE
OTHOIEHUS

Bunapnoe ornomenne R Ha KoHeIHOM MHOXKecTBe V' MoxkeT ObITH 3ajano (0-1-
ManHL[efI, KOTOpasd B CBOIO O4Y€pedb ABJIAETCHA ManHL[efI CMEZKHOCTHU JIsI OPUEHTU-
poBanHOro rpada (Bo3MOKHO ¢ meraaMmu). Ipyrumu cioBaMu, mapbl BXOJAIINAE B
orHomenne R swistiorest pébpamu rpada G(V, R).

KaK N3y4YC€HHbIC HaMU Ha HpOHl.HOIU/I JICKIINI CBOIiCTBAa BbIpazKalOTCd B T€PpMUHaX
rpados? OmuuireMm CBsA3b JJIsi CBOWCTB m3 pasesna 10.2 MpOILIoi JIEKINN, a TaKKe
BBEJIEM 3J1eCh HYKHbIE HaAM CBOICTBA JIjIsi 9TOM JIEKIIUU U Cpa3y UCCJIE/LyeM UX CBA3b
¢ rpacdamu. BunapHbIM OTHOIIEHUAM Ha OECKOHEIHBIX MHOXKECTBAX COOTBETCTBYIOT
OeckoHedHbIe TPadbl; UCIOJIb3yeMble HAMH OIPEIeIeHNs JIjIsd HUX HE OTJIUIAIOTCS OT
ompeJie/IeHnit JIJIsi KOHEYHBIX IpadoB.

Ornorenre pedJIeKCUBHO, e/ B KaxK/JI0il BepIimHe rpada ecTb meTist (IrnaroHaJib
MATPHIIBI COCTOUT U3 eJuHuIL). B ciydae pedieKCHBHBIX OMHAPHBIX OTHOIIEHUI 4acTo
yJIOOHO CUHTATH, YTO I€TE/Ib HET, TIOMHS, YTO OTHOIIeHNE PehJIeKCUBHO; MIET/IN ITOJIC3HbI,
9TOOBI BBIJICTUTDL OTHOIIEHUS, KOTOPbIE He pehJIeKCUBHBI U He aHTUPeICKCUBHBI: OTHO-
menne R C V x V nasbiBaeTcss aHmupe@daekcueHviMm, €CJIi He COJIEPKUT HUA OJTHOM
napel (v, v) (IuaroHa L MATPHUIBI COCTOUT U3 HyJeil). B rpade antupediekcuBrOro
OTHOIIIEHU I1IeTeJIb HET.

OtHormenne R cuMMETPUYIHO, €CJIM B COOTBETCTBYIOIEM I'pade peOpo u3 u B v
ecTh TOIJIa U TOJBKO TOIJIa, KOTJIa eCTh pebpo u3 v B u (MATpPUIA CUMMETPUIHA).
CuMMeTpUIHBIM OMHAPHBIM OTHOIIEHUSIM COOTBETCTBYIOT HEOPUEHTUPOBAHHBIE TpadbI:
BMECTO JIBYX OPUEHTHUPOBAHHBIX pEOEp MEXKJTY U U ¥ MIPOBOJAT OJIHO HEOPUEHTUPOBAHHOE.

OtHormtenne R gBiigeTcss aHMUCuMMemMpPpuyHsiMm, ecian u3s ulRv n vRu ciemyer,
9710 U = v; POpPMAIBLHO

Yu,v € Vi (uRv) A (VRu) = (u = v).

To ectb u3 nap (u,v) u (v,u) B OTHOIIIEHUN MOXKET ObITH He HoJiee OJIHOM, 3a MCKIII0Ue-
HueM 1eresib. Ha si3blke OpHeHTHPOBAHHBIX I'PAdOB ITO O3HAYAET, 9TO €/ B rpade
cymiecTByeT pedpo u3 u B v, TO B rpade HeT pebpa U3 v B u.

OTHortenre R TpaH3UTUBHO, €CJIH B COOTBETCTBYIOIIEM I'pade CyIecTBOBAHIE MapIIi-
pyTa U3 BEPIIMHBI U, B BEPIINHY v BJIEYET CyIIecTBOBaHUE pedpa u3 u B v. PopmasbHOe
olpejiesieHe TPAH3UTUBHOCTUA YTBEPXKIaeT TOJBKO, UTO M3 HaJIU4Iusd B rpade peédep
U — WU W — v CJIeyeT HAJIMIre pedpa u — v, HO 9TO YTBEPKICHHE JIETKO 0000IIaeTcs
110 WHIYKIINHU JI0 3asiBJIEHHOTO B HadaJje ab3ara.

11.4 OTHoINEHUs MOPAIKA

B pamkax 3T0il JIEKITUM MBI COCPEIOTOYNMCS Ha OTHOIIEHUSAX, KOTOPble TPAaH3U-
TUBHBI U aHTUCUMMETPUYHBI U JINOO ped IeKCUBHBI, MO0 aHnTupedIeKCUBHLL. Takune
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OTHOIIIEHNST HA3BIBAIOT OMHOWEHUAMU (4acmuuHo20) nopadka nim (wacmu-
HotMU) NopadKamy. OTHOIIEHNS MOPSIKA 3HAKOMBI YHUTATEJIIO CO MIKOJBHON CKAMbH:
TAKOBBIME SABJIAIOTC oTHOIeHns (<) n (<) ma muoxectBax Ny, Z, Q, R. D1n cumso-
JIBl TPAJIUIIHOHHO UCIOJIB3YIOT JIJIs OTHOIICHUIT TTopsiiKka PediiekcnBHble OTHOIIEHNST
HOPsIJIKA TPAJIUIIMOHHO 0603HAYAIOT CUMBOJIOM <, OBITH MOKET C HHJIEKCOM, TaKHe TIOPsiJI-
KU Ha3BIBAIOT HECMPo2uMU, aHTUPEdICKCUBHBIE OTHOIICHUS TOPSIIKA 0003HATAIOT
CUMBOJIOM <, UX Ha3bIBAIOT CMPo2uMu. SICHO, 9TO KayKJOMY OTHOIIEHUIO HECTPO-
roro mopsijika <p Ha HEKOTOPOM MHOXKECTBE A OJHO3HATHO COOTBETCTBYET CTPOrOE
OTHOIIICHUE TIOPAJKA < p, KOTOpOe Tojydaercs u3 P ynanenuem Bcex nap (a,a), u
9TO COOTBETCTBUE B3AUMHO OJIHO3HAYHO (MEXKJLy CTPOIUMU U HECTPOIMMHU IIOPSIKAMIE
onpejiesena ouekius). [Tosromy Mbl GyjieM ePEXOJUTL B PACCYKIEHUSX OT HECTPOTOTO
Hopsijika < p K COOTBETCTBYIOIIEMY CTPOTOMY < p 0€3 JIONOJHUTE/IbHBIX ITOSICHEHUIA.
Pasbepémcst, Kak OTHOIIEHHS HOPs/IKa HA KOHETHBIX MHOKCCTBAX CBS3AHBI C OPUCH-
tupoBaHHbiMI rpadamu. [Tocrpoum rpad st oTHOIIEHNS MOpsiiKa < Ha MHOXKECTBE

{0,1,2,3,4}:

Puc. 11.4. 'pad G({0,1,2,3,4}, (<))

Kaxk Bujno u3 pucynka rpad moaydmnics anmukIndecKuM. /JokaykeMm crpaBejinBOCTh
9TOr0 HAOJIFOAEHUS JIjIsI OOIIEro CJIydasd.

VYrBepxkaenuue 13. Omnowenuto cmpozo nopadka (<p) coomsememeyem opueHmu-
POBAHHDLT AUUKAUMECKUT 2padp.

HoxkazareabcTBo. [Ipesmnoiokum mpoTuBHoe: B rpade OTHOIIEHUsT < p HAIIECT 3a-
MKHYTBI MapIIpyT: U1, V9, . .., Up_1,Up = V1. [IOCKOJIBKY U3 v BEJET pedpo B vy, a U3
Uy B U3 MOJIy9aeM IO TPAH3UTUBHOCTH OTHOIIEHUS <p, 9TO U3 v1 BEJIET pedpo B vs.
[Tpomoirzkas Mo MHILYKIMH TOJIydaeM, YTo U3 U1 BeJIET pedpo B v, = V1, TO €CTh B rpade
G ectb nersig. Ho orHomenne < p antupedIeKCUBHO, YTO O3HAYAET, 9TO B €ro rpade
HET TIeTeNb. O]

BamMeTrnM, 9TO He KarXKJIO0MY OPHEHTHPOBAHHOMY AIMKJIMIECKOMY Ipady COOTBET-
CTBYeT OTHOIIIEHUE MOPSAJIKa: OTHOIIEHNE, COOTBETCTBYIONIEe Ipady MOKET He OBbIThb
TPaH3UTUBHBIM.

I'pad 11.4 BBINIAIUT TPOMO3IKUM U U30OBITOYHBIM: CJIUIIIKOM MHOTO PEOGEp 100aB-
JISTeTCsT TI0 TPAH3UTUBHOCTHU. [l03TOMY TpHU ONMCaHUM OTHOIIEHWS MOPSIIKA TPadom
ucnosib3yer He rpad Jis caMoro orHomenus mopsiika <pC V X V' (mm <p), a rpad
JIJIST OMHOWEHUS, HENOCPEICMBEHHO020 CAEJ08AHUSL < p, KOTOPOE OIPEJIE/IAeTCS
coryiacHo popmy.ie:

(=p) ={(z,9) [ (z <py) N(=32 €V (z <p2) AN (2 <py))}.
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Jlpyrumu ¢JIoBaMu, OTHONIEHWE T <p Y O3HAYAET, UTO T <p Y U MEXKJYy HUMH HET
semenToB. OTHOIEHNE HEMOCPEICTBEHHOTO CICIOBAHUS ONPEIEJICHO JJIst JTI0O0T0 Mo~
psiIKa Ha KOHEYHOM MHOXKECTBE, HO MOXKET ObITh He onpejeseHo ((hbopMasbHO OHO
IIyCTO) JIJTsi OTHOIIEHHs! OPSAJIKA HA OECKOHEYHOM MHOKECTBE, TAKOM KaK MHOYKECTBO
JIeHiCTBUTEILHBIX TUCET.

I'pad oTHOIEHNS HENOCPEICTBEHHOTO CJIEIOBAHMA JJIsi OTHONIEHUsT < Ha MHOMKE-
cree {0,1,2,3,4} coBuagaer ¢ opuenTupoBanubiM 1myTéM. I'pad G(V, <p) orHOIICHNS
HEINOCPEICTBEHHOTO CJIEJIOBAHUS HA3BIBAIOT duazpammoti Xacce.

ITpumepnl, 6a30BbIEe OoNpejieieHNusT 1 CBOMCTBA

OTHOH_IGHI/IG IIopdaJgKa, B KOTOPOM .HIO6bIe JBa JJIEMCHTa CPaBHHMbI Ha3bIBa€TCsd
auretinvim. Inarpamva Xacce s JUHEHHOTO MOPSIKa Ha KOHETHBIM MHOXKECTBOM
siByisieTcst rpadoM myTéM. CIoBO «9IaCTHIHBINY MT€pPe/T MTOPSATKOM JT00aBIIAIOT, ITOOBI
[IO/TY€PKHYTh, 9TO MOPSIJIOK He 00s3aTe/IbHO JTMHETHBIIH.

Crenyromuii eCTeCTBEHHBIH TpUMep — MOKOOPINHATHBIA MTOPSIOK MTPOUJLITIOCTPUPO-
BaH jmarpammoii Xacce Ha puc. 11.5. PucyHok rojgurcs Kak Jijist MOps/iKa Ha MHOXKECTBE
Ny x Ny (ecsm mpejicraBuTh, 9T0 y KAPTHHKE €CTh [IPOJIOJIXKEHUE), TaK U JIJIs TTOPSIKA
na muo)kectse {0,1,...,5} x {0,1,...,4}.

Y,
4 > > > > >
A A A A A A
3 > > > > >
A A A A A A
2 > > > > >
A A A A A A
1 A A A A A A
0 - > > > e

Puc. 11.5. [lokoopauHnaTHbBIH MOPSIIOK

Jlnsg popMasIbHOTO OIpeie/IeHIs ITOKOOPIMHATHOTO TOPSIIKa, YI00HO cHaYa 8 BBECTH
onpejieenust (JeKapToBa) MPOU3BEIEHAS HA TTOPAIKAX.

Onpepnenenne 9. Ilycts <p u < oTHOmeHU: HOpsiKa Ha MHO)KecTBax A 1 B cooT-
BercTBeHHo. OupeesnM ux npouseedeHue Kak OTHOIIEHHE (< pyg) Ha MHOXKECTBE

A x B:

a<pd,;
(a,0) Spxq (@) = ="
b<ql.
Taxkum obpaszom, puc. 11.5 wnmocTpupyeT Npou3BeieHre ABYX JUHEHHBIX MTOPIIKOB <
Ha MHOXKecTBe Ny M Mpon3BejieHue JIMHEHHBIX MMOPSIKOB Ha MHOMKECTBaX {O, 1,... ,5}
u{0,1,...,4}.
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Onpenenenne 10. 3adukcupyem OTHOIIEHUE TIOPsJIKa < p HA MHOXKecTBe A. DjieMeHT
r € A HazbIBaeTCs

® MAKCUMAALHBLM, €CJII HE CYIIECTBYET 3jieMeHTa a € A, Takoro 4to = < a;

HAUBOADUWIUM, €CIIU JIJI JIIOOOr0 dJIeMeHTa 4 € A cIpaBeJInBoO a4 < T.
® MUHUMAAbHBIM, €CJII HE CYIIECTBYeT 3jieMenTa a € A, Takoro 4ro a < ;
® HAUMEHDUWLIUM, ECIU I JII0OOro 3j1eMenTa a € A cupaBeyinBo T < a.

3 ornpeiesieHus siCHO, 9TO HAMOOJIBINNIN JIEMEHT TIOPSIIKA, ABISIETCA MaKCUMaJIbHBIM;
obpaTHOe BOOOIIE TOBOps HeBepHO. lIpuBeaéM KOHTpHpHUMED JjId MUHUMAJBHOI'O U
HAMMEHBIIET0 JIeMeHTa. YIAIM U3 TOpAIKa <n,xN, TOUKY (0,0). Ilomyanm mopsimox
<p, B KoTOopoM 3jiemeHTs (1,0) u (0, 1) ABAAIOTCS MUHUMAIBHBIMEA, HO MEXK/Ly CODOi
OHM HECPABHUMBI, [IO9TOMY HAMMEHBIIIETO 9/IEMEHTA B 9TOM IOPSIIKE HET.

[lepeitném x caemyromemy npumepy. HamommmM, ato 2V ob6o3nadaeT MHOKECTBO Beex
noMHOXKecTB MHOXKecTBa U. s moboro muoxkectBa U oTHOIeHne C Ha MHOYKECTBE
U gBjsieTcss HECTPOI'UM OTHOIIEHUEM IOPSIIKA, & €My COOTBETCTBYET CTPOrOe OTHOIIIEHHE
C. Ilycre U = {1, 2}; Torma moayqaem

oc{l}, ac{2}, {1pc{2}, {2}c{1,2}

[epevInC/IeHHbIE TIAPbl 38/Ial0T JIMarpaMMy Xacce JjIs BKIIIOUeHM.

Sadukcupyem HeopueHTHpoBaHHBI rpad G. OTHOMmeHne C «OBITH mOATPadOM»
sIBJIIETCS OTHOIIEHUEM TTOPsIKa Ha MHOXKecTBe nojarpados rpada G.

flcHo, uTo ecim MOPSAIOK < p OIpPEIe/EH Ha MHOXKeCTBe A, TO ero MOXKHO CY3HUTb
Ji0 oboro mogmuoxkectBa X MuHO)KecTBa A. DOpMasIbHO CyKEHUE YCTPOEHO TaK:
(g p) NX xX.

Cy}KeHI/Ie IIopdaaKa IMO3BOJIAET IIePeHeCTU IMOHATHE MaKCUMaJIbHOI'O U MUHUMAaJIbHOT'O
sJIeMeHTa Ha IMoJMHOXKecTBa. Tak, cy3uB orHorenne C Ha cBA3HbIE 1oArpadbl rpada G
MOJIYIMM, 9TO KOMIIOHEHTBI CBSI3HOCTH SIBJIAIOTCS MaKCHMAJIBLHBIMI T0/rpadamu, KOTo-
Pbl€ CBA3HBI; a CYy3UB OTHOIIIEHNE g Ha MHO2KECTBO KJIMK IIOJIYyYUM, 9TO MaKCHUMaJIbHbIE
QJIEMEHTHI 3TOI'O OTHONIEHUA ABJIAOTCA MaKCUMaAJIbHBIMU K/JINKAMUA.

Ha puc. 11.6 uzobpaxén rpad, n3BeCTHBIN KaK OpUEHTUPOBaHHBIH Oy/eB Kyb. [Ipo-
cToit Oy/eB KyO moJiydaercs u3 rpada Ha pucyHkKe cTupaHueM opuenrtaruu. [Iposepbre,
9TO0 OyJIeB Ky0 sABJIsieTCs JuarpaMmmoii Xacce Jjisi TpOu3Be/IeHres JIMTHEHHOTO MOpsiIKa
ma muoxectse {0, 1} Ha cebs Tpu paza. daaum obirnee onpe/esieHne OpueHTHPOBAHHOTO
OysieBa Kyba. MHOXKECTBOM BepIINH OPUEHTUPOBAHHOTO OyseBa Kyba B, SBJsIIOTCA
JIBOMYHBIE CJIOBa; peOpo UIET OT CJIOBA U K CJIOBY U, €CJIU OHU OTJIHYIAIOTCS POBHO B
OJIHOI IIO3UIIMK U B CJIOBE ¥ HA 3TOH IIOBUIIMU CTOUT 1.

11.5 CBa3b MexXk/y TeopeMoii 00 alnKJIMIeCKnX
rpadax 1 mopsgakax

OTHOIEeHNsT NOPsIKA Ha KOHEYHBIX MHOYKECTBAX 00JIQIAI0T CJIeLYIOINIIM XOPOIIIM
cpoiicrBoM. Eciin oTHOmeHre nopsiika < p (HA KOHEIHOM MHOXKeCTBe A) He sfBJIAETCS
JINHEHHBIM, TO €r0 MOYKHO IPOJOJIZKUTBH JI0 JIMHEHHOIo. JTO O3HAYaeT, YTO MOYKHO
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101 111

001 011

100 > 110

000 010

Puc. 11.6. Bynes ky06

J100aBUTh B OTHOIIIEHNE < p HOBbIE Mapbl (I,%y) HEe M3MEHWUB IIPU STOM CTaphle Maphl
TaK, 9TO BCE JIEMEHTHI MHOYKeCTBa A OyIyT CpaBHUMBI MEXKy COOON B IOJIY IMBIIEMCST
HOpsJIKeE.

DTO CBONCTBO HAIIPSIMYIO BBITEKAET U3 T€OPEMbl 9: OTHOIIEHUIO < p COOTBETCTBYET
aruKangecknii rpad. CeraeM ero TOMoJOIMIeCKy0 COPTUPOBKY 1 JT0OABUM BCEBO3-
MOKHBIE PEOpa OT BEPIINUH ¢ MEHBIIIMM HOMEPOM K BepIinHaM ¢ O6JbIuM HoMepoMm. [Ipn
9TOM HU OJHO COOTHOIIEHHUE B MOpsKe < p He OyIeT HapyIIeHO, a Bce HeCpaBHUMBIE
paHee 3JIeMeHThl CTaHyT CPaBHUMBIMU.
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Jleknima 12

ByjeBbl (pyHKIUN

ILnan:
1. Asropurm nocrpoenns JTH® (n KH®) no rab/uie uCTHHHOCTH

2. Ompejiesienne OyIeBbIX CXeM, PeATU3yIOmuX Oy/ieBbl (DYHKIMU, Yepe3 M0CIe/10Ba-
TeJIbHOCTHU [IPUCBauBaHuii 1 rpadoB (cTaniapTHbII 6a3uc).

®OpMyﬂbI — CXEMBI CIIelIaJIbHOI'O BUIa&
Ob6iriee ompesiesienne cxeM (71t IPOU3BOJIBLHOTO Oa3mca)

Bazuc — nosmabiit 6a3uc

A N

Mounoronnbie pyHKITUN

® HEIOJIHOTa MOHOTOHHOTO Gasuca {A,V}
® CBA3b C MHOZKECTBaMUI (h{OHOTOHHOCTb 110 BKJIIO‘IGHI/HO)

e packpacka OyJsieBa Kyba
22n
® MOHOTOHHBIX OYJIEBBIX (DYHKIUI OT 2n IMepeMEeHHBIX He MEHbIIE deM 22n+1

7. Muorowiens! 2zKerajikuna

8. Knaccor [locra:
Ty — dyHKIHUH, COXPAHIONNE HOb;
Ty — dpyHKIUN, COXpaHAONINe €JIMHAILY;
M — moHOTOHHBIE (DYHKIINH;
L — ynuneitabie HyHKINN;

S — camo/iBOliCTBEHHBIE (DYHKIIUN.

9* ®opmynuposka Teopembl [locra u mian e€ jgokazaTe/bCTBa (JIEMMbI OTIPABJICHDI
Ha CeMWHAp U B J1.3.)
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Jlekima 13

IIpouzBoasniue dpynkium I

Ilnan:
1. Ompesenenns u IpuMepbI
e [IpousBoggamas dpyukius dunoma Hbiorona
— Cuna quddepeHupoBaHus: kznok(;;) =n2n !

- 1+2)™1+2x)"=(1+x)™". Orciona ciemyer

") =)+ ()G (D))

e AHa/mMTHYECKOE MIpeJCTaBICHIE TTPOU3BOIAIIEH (DYHKITUH:

1 2
—=1l4z+z"+...
11—z

2. Ilpumenenue Jijist perenHns KOMOMHATOPHBIX 3a/1a4

e 3ajavya Myaspa
e 3ajada O CUYACTJIMBBIX Omerax

e HaiiTy 4mciio eJ049nCaeHHBIX PEIIeHN CUCTEMbI

r1 + 9 + x3 = 40,
4 < x <15,
8,
6.

/

2

ot ©
NN
NN

T 1
XT3 1
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[TpousBomsime GyHKIINT — BaXKHbIII HHCTPYMEHT B KoMOnHaTtopuke. OHM OTKPBI-
BAIOT HOBBII B3IVIsLI Ha 3a/Ia41 O MOACIETe KOMOMHATOPHBIX 00beKTOB. [Ipex e dem
JlaBaTh OIpeJie/IeHs, HaUHEM ¢ TTpuMepa. BemomuauM, uto 1o omHomy HbioToHa

n n n n n
1+2)" = + T+ 4.+ . x".
( ) 0 1 2 k n
[IpoauddepennupoBap 0be dacTu, MOy IUM
n(l+x)" = T +2 Z r+...+k Z " n Z "t

[ToacraBus x = 1 mosyaum opmyry

n x 2" = Zk’(Z),
k=1

KOTOPYIO MBI YK€ JJOKa3bIBAIM KOMOMHATOPHO ([IOJICYUTAB CKOJBKUME CIIOCOOAMHI MOXKHO
BBIOPATHL OTPsAJT COJIIAT ¢ KOMAHIMPOM WJIH ITOCJATD JICJIETAINIO CTY/IEHTOB C JIMJIEPOM
Ha KoHbepennuo). Ho 3ech Mbl He MOJIB30BAINCH KOMOMHATOPHBIM JIOKA3aTEIbCTBOM,
a MCIIOJIb30BaJIN CBOICTBO auddepeHmpoBanms!

DTOT MpUMEP TOKA3bIBAET, UTO YA00HO paboTaTh C IOC/IEI0BATEIbHOCTHIO KOMOMHA-
TOPHBIX YUCE], IPEJCTABUB UX MHOTOWIeHaMu. Ecin mocieaoBaTre/lbHOCTh OeCKOHEeTHAST
(kak, Hanpumep, uucjia OubOHAUYUN), TO ¥ MHOIOYJIEH TOJYIUTCS «OECKOHEUHBIM,
Takne «OeCKOHEUHBIE» MHOTOYIEHBI HA3LIBAIOT (POPMAILHBIMHI CTEIIEHHBIMHI PSIIAMA.
Nx u3ydeHnio OTBOJIUTCS MECTO BO BTOPOM CEMECTpe Kypca MaTeMaTUIeCKOIro aHaIn3a
(psbr Teitsiopa), ofiHAKO JJIst HAIMX HY?KJ[ XBATHT 3HAKOMCTBa ¢ hopmysioit Teitsopa
(a Takzke HaBBIKOB D MEPEHITNPOBAHNS U HHTEIPUPOBAHUSA ).

Jaaum onpenenenne npousBoadmeit pyukimn. IIpoudsodauweti pynrxuueti Ko-
HETHOI T0C/Ie0BaTEeIbHOCTHU ag, A1, (3, . . . , A, HA3BIBAETCS MHOTOYJIEH

2
ap + a1x + asxr” + ... + a,x";

IIPpOM3BOJIsAIIENl DYHKINN OECKOHEUHOMN MOCEI0BATEIBHOCTH (g, A1, A2, - - - 5 Oy, - . . HA3BI-
BaeTcst (POpMaJIbHBIN CTEIIEHHON PsL

ap + a1 + asx® + ...+ apx" + . ...

Mpbr Oynem ajis yao6cTBa cYUTaTh, YTO KOHEYHAs IOC/IEI0BATEIbHOCTb — YaCTHBIN
caydait 0eCKOHEYTHOI, y KOTOPOil HaunHas ¢ HEKOTOPOI'O HOMepa Bce JIeHbI HyJieBble. Tak
MBI BOCIIOJIB3YEMCSI T€M, ITO MHOTOUJIEH — YACTHBIN CJIydail pPsijia, U MOXKEM ITPOBO/INTH
paccyKJaeHUs TOJIBKO JIJIs PSIJIOB.

Yuraregab MOXKET YAUBUTHCS TOMY, YTO IPOU3BOJIsIas (PYyHKIUS — He (DYHKITHSI.
DTOMY Ka3ycy ecTh ciiejytoriee obobsicuenue. B ciydae KOHEUHON TOCIEI0BATEILHOCTH,
MHOTOYJIeH siBjIsteTcs (DYHKIHEH u TyT mpodseM HeT. A GeCKOHETHBIE TOC/IeI0BATE b
HOCTH Y1000 TIPEJICTABIATDL B Buje paja Teitopa ananutudeckoir gpyukiumu. [lycrnb
dbyuknus f(x) umeer mpousBoIHYyIO Jit060ro nopska B Touke 0. Psgom Teitnopa (B
touke () dynkmun [ HasbBaeTcs GOpMAaIbHBIH CTEIEHHOM Psiy

" ©_  £(n)
£0) + f(0)x + %:ﬁ +...= ZO fT'("T)x”
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ITpumep 26. 113 maremaTndeckoro aHajan3a U3BECTHO, YTO N-as MPOU3BOIHAA (DYHKIINN

(1ix) B Hysie paBHa 1. Takum obpazom

1

— =1 4.,
=2 +x+a" +

B ciyuae eciu paj Teitiopa anagmuruyueckoit pyHxuun’ f copuajaer ¢ Ipou3BoAIeit
dbyukmeit mocegoBaTebHOCTH {a, }5° ), TO MBI TaKKe HasblBaeM f IPOU3BOIAIIET
dbyuknumeit nocienoBaresbrocTn {a, 122, 1 TOBOPUM, 9TO HMPOU3BOJAIIAA (DYHKIIUSI
3a0aHa AHAAUMUYECKY,.

VYreepxkaeuue 14. [Tycmo f(x) u g(x) — anasumuueckue npoussodsugue GyHKUUL
nocaedosamenvrocmets {a,}5° o u {b,}5°, coomeememeenno. U3 onpedenenus pada
Tetinopa u ceoticme duddepenyuposarus caedyem, 4mo

o f(z)+ g(x) — npoussodswan Pynryus nociedosamenvrocmet {a, + by} o;

f(x) — npoussodswasn dynryus nocaedosamenvrocmets {a, 1} ;

o zf(x) — npouseodawasn Pynryua nocaedosamesvrnocmu 0,ag, ay, .. .;

e f(0) = ap.

Nnesa nokazaresibeTtBa. Paszmoxxum dyaxmun f u g mo ¢popmyse Teittopa B Touke 0
JI0 N-TO TIOPAJIKA: IMEepPBble N 4aeHOB (POopMy/Ibl Teitopa COBIAIAIOT C MEPBBIMH 7
wieHaMu psija Teitopa. Yoe uBIIUCh, 9TO CBOCTBa BepHBI Jjisi dopmyst Teitaopa
(COOTBETCTBYONIMX HAYAJIBHOMY OTPE3KY IOCJIEI0BATEILHOCTH), MOJIyIUM, 9TO OHU
BEPHBI U JIJIT PSAJIOB. O

[Tepeitém K MpUMEHEHUIO TEXHUKU TTPOU3BOAAIINX (DYHKITUIA.
IIpumep 27. Jlokaxkem TOXKJIECTBO
m+ny\ Y m n
e ) 2=

st sToro Beipasum depes 6umnombl Heiotona (1 + )™ u (1 + x)", n BocIob3yeMcest
dakToM

1+2)"™"=1+2)"1+2)"
S = (20 (50

) — KO3 PUIUEHT P OTHOUIEHE
k

W3 pasziiozkennii 1o OMHOMY [OJIy9aeM, 9TO (m;"
k o k m n
x" B JIEBOI YacTH paBeHCTBa, a » =0 ( ) ( ) — k03 puImenT npn

; ) B IIpaBOil YacCTHU.
Jj/ \k—j p

! Iy HAmMX Hy?KI XBATHT HeOPMAIHHOTO HOHAMAHMS «bYHKIMS 3a1aHa DOpMyIIoiiy. OyHKImS
HA3bIBAETCsI AHAJIUTHYIECKOH B TouKe 0, ecyin psiy Teiijiopa KOTOPBIX COBIAIAET C f B HEKOTOPO OKPeCT-
HOCTH HyJisl. Bee mocraTouso mpoctsie dbyHKIMA (& TOJIBKO TaKMe Y HAC U BOSHUKHYT) aHAJIUTHIECKHE
B HyJste. JIisg HamMX HyKJI XBATUT J1aKe CYIECTBOBaHUs Y (DYyHKIUHU ITPOM3BOIHOI JTFOOOT0 MOPsiIKa B
HYyJIE.
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JeitcTBuTesbHO 3aduKkcupyeM x/ 13 HepBOro MHOZKHTEJIS B IPABON YacTU PABEHCTBA,

KO3 DUIUEHT TP STOM YJICHE (’]"), 9TOOBI TTOIYIUTh ¥ HYyKHO YMHOXKATH &/ Ha zF 7

I3 BTOPOil CKOOKH, a KoaddunmenTt npu ¢~/ pasen (kﬁ]) ]

ITpumep 28. 3ajaua Myaspa: HaifiTu YuC/IO pelennii ypaBHeHus T, + o + 3 = 11 B
HEOTPHUIATEIHHBIX IEIBIX TUCIAX.

Mpr y2ke ymeeM perraTh 9Ty 3a/1a9y KOMOMHATOPHO, HO ceifdac Mbl pa3bepéM perreHne
gepes NPOU3BOJIIIe (PYHKIUN, ITOOBI TOTOM OOOOIIUTD 9Ty TEXHUKY Ha 60J1ee CII0KHBIIH
caydail. [igs Ha ycoBue, CXo/Ly HEesSICHO, KaK IPUMEHUTH 3TOT METO/I, BEJb B yCJIOBUU
He pUrypupyer ImocjeoBarebHOCTb. Perum 6ojiee oOILyIo 3a1ady:

1+ 9+ 23 =n;

[TocsieioBaresibHOCTD {a, } cocTouT U3 Unc/ia periennii ypasHeHns ¢ GUKCUPOBAHHBIM 1.

BcenomunM, gTo
1

(1—x)

=1+ax+22+...
1 pacCMOTPHUM BbIPayKeHHE

1 1 1
(1 - ZL’l) (]. - Jfg) (1 - 1’3)

Packpoem MbICTIEHHO CKOOKHI B TIPaBOil 9acT 1 OOHAPYKUM, UTO KaKJIbIi OJTHOUIEH
CTEIeHN 7. COOTBETCTBYET PENIeHHIO 3a/[a4ul, & UMEHHO OJIHOIEHY x’f%?:p?, B KOTOPOM
k1 + ko + k3 = n coorBercrByer perienne x; = k;. ZlcHO, 9TO 9TO COOTBETCTBHE B3aMMHO
OJIHO3HAYHO — Jist Kazk10ro Habopa (ky, ko, k3) HalIETCs € IMHCTBEHHBI COOTBETCTBYO-
it ogaOWIeH. TakuM oOpa3oM dmcio pemeHnii 3aa4un MyaBpa ecTh 91iC/I0 OJHOUIEHOB
CTEeIIeHN N B Ipou3BeJieHnn psiaoB Teitaopa.

C orBeToM B Takoil (popme paborarh HEYJI0OHO, ITO9TOMY OTMETUM, UTO €CJIU MbI

COTpéM NH/JIEKCBI Y IIEpEMEHHDBIX (I/IJII/I, 9TO TO 2Ke CaMoe, IIoOACTaBUM T = X9 = I3 = ZL‘),

=4z +ai+.. ) +zet+ar+.. )1 +az+25+...).

TO II€PEMEHHasl OCTAHETCs OJHA, & OTBETOM Terephb OyaeT npocto koddduiuenT mpu x".
Takum obpazoM, IpousBo/sieil pyHKIMeil NCKOMO 1TOC/IeI0BaTE/IbHOCTUA ABJISIETCSI

dyHKIIA
1

(1—a)"
a OTBETOM Ha BOIIPOC 3aJa4n OyaeT Kosddumment mpu x'1.
B ob6rmiem ciryuae, nmpounsBossimeit pyHkimeit pisa 3amaqan Myaspa

1 +2o+ ...+ =1

Oyzer

(1—2)™
O

Jltg mosryveHus YMCJIEHHOIO OTBETa U3 IpUMeEpa HaM TOoTpeOyioTcd (hakThl n3
MaTeMaTHIecKOro anaansa. s mpon3BoIBLHOTO dncia o« 0003HATNM

a\ ala—1)x...x(a—k+1)

k k!
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N3BecTHO, YTO
= [«
1 ¢ = ",
(1+2) Z(n>

D1y dopMyiry Kak pa3 u joka3aa HbioToH, a He OMHOM, U3BECTHBIN U JIO HErO.
Hns (1 — x)™ nomyanm

u ipeobpazyem

(—1)”(_m) _ (capmEm )X x (—7;” —n+2)(-m-n+l)

_(mtn-D(mtn-—2)x...x(m+m _ (m—1+n>'

n! n

B npejociieiaeM mepexojie Mbl JOMHOXKUJIA KazKIyi0 CKOOKY Ha (—1) — uncyio ckobok
PaBHO N, KAK U THCJIO.
Taxum obpazom

(1—2)™ = nf; (m o ”)x”

Jlerko Y6€,HI/ITI:>CH, 9TO IIOJIYYEHHOE pelnieHne CoBlladacT ¢ TEM, KOTOPOE€ MbI 1IOJIYYUJIA
METOZOM TOYEK U IIEPEropoJoK.

ITpumep 29. Haiitu 4nc/io 1meI0UnC/IeHHBIX PEIIEHU CUCTEMBI

r1 + x9 + x3 = 40,
4 <z <15,
9 18,
5 16.

/

2

NN
VA/AN/

T
T3
Mpmr y2ke pemasu 3a1a4u MyaBpa ¢ orpaHHYeHUsIMIA, U UCIIOJIb30BAJIN JIJIsT 9TOI'0 METO/I
BKJIIOYEHUH-UCKTIOYEHU, ITO TPUBOIUIO K TPOMO3JIKUM BBIKJIaJIKaM. MeTos1 mpous-
BoJiAIMX (PYHKITHI 1TO3BOJIIeT peniarh 3aa4du MyaBpa ¢ orpaHmYeHUAMU IPOIIE U
uzsitHee. Kak n B IpeablIyIneM npuMepe, HailIéM TpOu3BOISIIY 0 (DYHKIIUIO TTOCIEI0-
BATEJIBbHOCTU L1 + T2 + T3 = N (C YYETOM orpaHquHHﬁ), U3 KOTOPO# HaM 1moTpedyeTcs

ko burment mpu 210, Cremys TeM »Ke MaraM, CHadaJIa 3aIlIIeM MHOTOYICH MHOTTX
[IEPEMEHHBIX, B KOTOPOM KaXKJIbIif OJTHOUJIEH KOJUPYET peIleHHe:

(i +25+. o) x ()’ + ) x (a4 i) =
=af(l+z+.. . +a) xay(l+o+.. +a)) x a3 (1 +as+...+zih).

g moceayomux mpeodpa3oBaHnii BOCIOIb3yeMcs (DOPMYJION CyMMBI T€OMETPUYIECKOT

MPOI'PECCUN:
1_mn+1
l+o+.. . +a2"=—"—"——

1—2
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[Toyunm

1—1’12 1_1,10 1—I12
4.9_5 1 2 3
1’1.1'21’3)( .
1—&31 1—272 1—513’3

OTOXKIeCTBUB [I€PEMEHHBIE MTOJIYIUM UCKOMYIO ITPOU3BOIAIILY O (DyHKIUN:

18 1— x12 1 — xlO 1— $12
X X

X .
1—=x 11—z 1—=zx

T

dcno, aro Kosddumment npu x40 370l MpomsBOTAIIeil ByHKIIE pasen Ko3pOUIIEHTY

npu %2 cJIeJIyIoNeilt TPOU3BOIAIIEH (DYHKITAN:
(1—a'2)% (1 -2
(1—xz)?

Packpoum ckoOK# u n3baBUMCSH OT YJICHOB BbIIIE 22-0if CTENEHH, ITOCKOJIbKY OHHU He
BHOCAT BKJIaJ B UCKOMBI KO QUITIEHT:

(1— 210 — 2212 4 222) i(_w ( ‘;”) o=

k=0

=3\ 22 (73 2 =3\ 22, 2
= — -2
(22)x (12>x 19 )8t + (),

rje B (...) OCTaBJICHBI BCE OJJHOYWICHBI HE JIBA/IIATH BTOPOii CTEICHN.
Takum obpasom, moydaemM OTBET

()~ (1) ~2() +1

Koropsiit MoxkHO 1Ipeobpa3oBaTh
24 14 ) 12 1o 24 14 ) 12 R
22 12 10 S\ 2 2 2 -

ITpumep 30. 3Bajada o cuacTuBbix Omierax. Haiitu dmcsio mocsenoBaTebHOCTEIH
(al, asg, a3, bl, bg, bg), ag;, bz € {0, e ,9}, TaKUX 49TO 41 + A9 + A3 = bl + b2 + bg.

=(1-22"+2*)(1-2")1—-2)"

]

Haiiném crauana npoussojsiryo dyakimio C(r) mocienoBaTeJlbHOCTH
a; +as +az=n (a; €{0,...,9}).
ShYe) 3a/Jaqga MyaBpa C OI'rpaHMY€HUAMU, IIOJTyIaceM, 9TO
Clx)=(1+az+22+.. . +2°)° =1+ ez +ca® + ...+ cpa®.

Kosdpdunuent ¢,, paBeH duciy crnocobOB paso:KUTh YUCIO N B CYMMY a1 + ag + a3 1
9TO YHUCJIO COBHAIAET C YUCIOM pasjioxkeHuit n = by + by 4+ bs. Takum obpazom, ducyo
CUACT/IMBBIX OUJIETOB, B KOTOPIX @1 + dg + 3 = N, PABHO 2 110 MPABUILY IPOU3BE/ICHUS.
Orcioa, moydaeM, 9To 00IIee YUCI0 CIACTINBBIX OMIETOB PABHO

27
2 : 2
C,-
n=0
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